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PREFACE 


Instrument Engineering is a systematic presentation of principles and methods 
that have been found effective during more than twenty years of teaching and prac¬ 
tice in the field of measurement and control. These activities have been carried 
on in the Aircraft Instrument Section and the Instrumentation Laboratory of the 
Aeronautical Engineering Department at the Massachusetts Institute of Technology. 
The teaching has been done principally at the graduate level, for an annual enroll¬ 
ment during the last few years of about seventy students. The practice has in¬ 
cluded close connections with the invention, design, development, large-scale 
production and commercial and military applications of both simple and complex 
devices. Over the last decade, the personnel of the Instrumentation Laboratory 
has varied in size from about ten to more than four hundred members, with pro¬ 
fessional engineers accounting for approximately one-fourth of the total. Under 
the organizational setup used by the laboratory, a central engineering group has car¬ 
ried the technical responsibility for a number of projects requiring the use of knowl¬ 


edge from many fields. Under these circumstances, a generalized system of con¬ 
cepts, notation, and analysis procedures has developed. This system is not only 
useful to practicing engineers but also is effective in teaching engineering stu¬ 
dents the principles that have been proven useful by practical experience. 

Instrument Engineering is made up of contributions by the authors, their asso¬ 
ciates and students and is based on theory from the fields of mathematics, classical 

physics, aeronautical engineering, mechanical engineering, electrical engineering 
and chemical engineering. It presents as an organized pattern the background 
knowledge and procedures required to solve all commonly occurring measurement 
and control problems. The suggested procedures are illustrated by typical ex¬ 
amples that provide models for working out engineering problems and also supply 

a considerable amount of quantitative information on many situations that are im¬ 
portant in practice. 

The organization of Instrument Engineering differs from that ordinarily used 
in textbooks. The common textbook procedure is to start with brief elementary 
discussions of principles that are then developed by a series of examples. Each 
of the examples includes a discussion of setting up the problem involved, carrying 
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out the mathematical reasoning necessary for the particular situation and, finally, 
interpretating the results. Instrument Engineering differs from this arrangement 
by building up in one volume a generalized pattern for describing physical situa¬ 
tions, developing the background for associating solutions with these descriptions 

in a second volume, and presenting a number of systematically selected examples 
in a third volume. 

The examples given in Volume III start off with simple measuring and indi¬ 
cating instruments and then progress through regulators and positional servo¬ 
mechanisms to analog-type simulators and elementary fire control systems. In 
presenting these examples, the material of Volumes I and II is used and expanded 
as required for the specific situation involved. This means that the discussion of 
any given problem may be presented concisely in Volume III, with the material of 
Volumes I and II supplying essential information on concepts, notation, mathe¬ 
matical procedures, and numerical results. 

The material of Volumes I and II is selected and organized so that informa¬ 
tion is easily available to practicing engineers and to students of both graduate 
and undergraduate levels. A properly selected sequence of examples from Vol¬ 
ume ni, together with appropriate references to Volumes I and n, is effective in 
teaching instrument engineering. For this purpose, the student may be asked to 
apply the information given in Volume 11 in nondimensional form to specific cases 
or to work out new problems using the methods illustrated by model solutions. 

Considerable detail and a limited amount of repetition in the discussion of 
each subject in the first two volumes is used to reduce the number of cross refer¬ 
ences required. This type of presentation results In treatments that may seem 
unnecessarily long at first glance, but actually are easily understood and applied 
in engineering and in teaching. When any part of the material in Volumes I and II 
has been assimilated, it may be accepted without comment in working out solutions 
for problems like those of Volume in. As a consequence, these solutions are given 
as short presentations that are complete without including more than a small 
amount of background material. 

The background material of Volumes I and II provides a range of choices in 
concepts, terminology, notation, and mathematical reasoning procedures. A gen¬ 
eralized pattern of functionally named concepts, represented by self-defining 
symbols and capable of immediate application to the simplest and also the most 
complex situations, is set up in terms of a simple scheme of conventions. Any 
given problem may easily be represented by means of the generalized pattern or 
it may be handled with the names and notation ordinarily used by workers in the 
engineering field in which the problem occurs. For convenience in discussing 
simple components or subsystems and in finding solutions for mathematical forms, 
working variables of minimum complexity are used. The immediate understanding 
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of results from complicated problems is facilitated by expressing these results in 
self-defining symbols that may or may not be supplemented by the conventional 
symbols used in the engineering fields concerned. For example, when conventional 
notation is used in a problem involving aircraft control, the lower-case Greek 
letter theta (d) may represent an angle describing one aspect of the flight path and 
at the same time may occur as the commonly accepted servomechanism symbol 
for an input or an output variable. The confusion that exists in situations of this 
kind, even after identifying subscripts are added to the letters involved, may be 
completely eliminated by the use of self-defining symbols. 

Volume II draws together the common mathematical forms of instrument 
engineering in working variable terms that are not related to any specific physical 
situation. The classical, operational, and weighting-function approaches to finding 
solutions for these forms are drawn together in a unified picture. This method of 
presentation is particularly useful to engineers and students when they deal with 
groups of colleagues who are trained to use only one approach to the mathematical 
treatment of physical problems. Familiarity with several mathematical view¬ 
points makes it possible to select the most effective method for dealing with any 
given situation. For a reason of the same kind, Volume II describes not only ^ 
conventional differential equation methods but also several graphical techniques 
such as the frequency-response, roots-locus, and numerical procedures for asso¬ 
ciating solutions with mathematical forms. Uses for all of these procedures are 
illustrated in the examples of Volume III. 

The authors are indebted to many sources for the background material of 
Instrument Engineering . The basic mathematical references have been the texts 
on advanced calculus by Philip Franklin and by F. B. Hildebrand, and the works 
on ordinary differential equations by E. L. Ince, by H. B. Phillips, and by Abraham 
Cohen. The techniques of the operational calculus have been drawn from the 
books by M. F. Gardner and J. L. Barnes, by H. S. Carslaw and J, C. Jaeger, and 
by R. V. Churchill, The recently published book, T^ Mathematics of Circuit 
Analysis , by E. A. Guillemin has served as the basis for the discussion of stability 
of mathematical forms. The notions of differential geometry and tensor analysis 
taught by Professor D. J. Struik of the Mathematics Department, Massachusetts 
Institute of Technology, have suggested the conventions for self-defining notation. 
Publications on the technique of the roots-locus method by W. R, Evans, and un¬ 
published work by R. T. Donohue of the Instrumentation Laboratory staff, have 
supplied the background for this approach to the study of the dynamic performance 
of systems. Network Analysis and Feedback Amplifier Design by H. W, Bode; 
articles by A. C. Hall and by H. T. Harris on servomechanism theory; Theory of 
Sgrvomechanisms by H. M. James, N. B, Nichols and R. S. Phillips; Prh[^i^s~ 
of Servomechanisms by G. S, Brown and D. P. Campbell; Servomecha^^ 
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Fundamentals by Henri Lauer, Robert Lesnick and L. E. Matson; and various 
other treatises in this field have been used as the basic references for the applica¬ 
tion of frequency analysis methods to feedback systems. 

In order to include essential information developed not by the authors but by 

other members of the Instrument Section, several chapters in this book have been 

specially prepared by engineers who receive direct credit at the beginning of their 
contributions. 

Instrument Engineering will serve as a textbook for students and at the same 
time be a basic reference for engineers who have either continuous or infrequent 
contacts with the subject. In its present form, it is fundamental and complete 
enough to serve as the basis for both expanded and abridged treatments of an area 
that is taking its place among the established engineering fields. The authors 
commend Instrument Engineering to its readers with the hope that it will not only 
be helpful in solving current problems but also will provide inspiration for devel¬ 
opments that will appear in the future. 



Cambridge, Massachusetts 
April, 1952 


C. S. Draper 
W. McKay 
S. Lees 
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INTRODUCTION 


GENERAL NATURE OF INSTRUMENT ENGINEERING 

1. Instrument engineering is the art and science by which the properties of 
matter and the laws of nature are made useful to man in the observation and con- 
trol of physical processes. This definition for the subject matter of this book 
implies some modifications of the meanings given for the terms instrument * and 
engineering ** in WEBSTER'S COLLEGIATE DICTIONARY. In this reference, 
the word instrument is applied to 'that by means of which something is per¬ 
formed or effected . . implying "... a more delicate operation ... as surgi¬ 
cal instrument, astronomical instrument, a draftsman's instruments" . . . and 

", . . personal manipulation, . . ." Engineering as defined by Webster is . the 
art and science by which the properties of matter and the sources of power in 
nature are made useful to man in structures, machines, and manufactured 
products." 

2. Instruments that are the basic subject matter for this book are not in¬ 
tended for "personal manipulation" in the sense that the violin or the surgical 
scalpel are used by human beings. Rather, they are devices for the observation 
and control of physical quantities*** without any primary dependence upon 
personal manipulation. Observation implies that indications , which may be either 
index positions or some equivalent phenomenon, or measurements in numerical 
terms, are associated with physical situations. Control implies that physical 


• Webster’s Collegiate DicUonary gives for instrument: 1. That by means of which something is performed 
or effected; a medium, means. 2. A tool; utensil; implement. 3. A contrivance by which musical sounds are 
produced. 4. Law. A writing as a deed, writ, etc. Syn. See Implement. 

Implement. . . An article of equipment; esp. a tool, utensil, instrument, etc., essential to the performance 

or execution of something. Syn. Implement, tool, utensil, instrument suggest relatively simple construction and 

personal manipulation. Implement and tool are often interchangeable. But implement is the broader term, often 

implying that by which any operation is carried on; tool commonly suggests the implement of a craftsman or 

laborer. Utensil applies esp. to the iiq5lements of the kitchen; as cooking utensils. Instrument implies more 

delicate operations than tool; as surgical instruments, astronomical instruments, a draftsman’s instruments. 

Instrument and tool_ (the latter in this sense always a term of contempt) are applied figurativelyTo one made 
use of for another’s purpose. 

•• Engineer. 1. A desi^er or constructor of engines. 2. Mil. and Naval. One of a corps of men who perform 

engineering work; as in building forts, bridges, etc. 3. One versed in, or who follows as a calling, any branch 
of engineering. 4. One who operates an engine. 

•• Engineering. 1. Originally, the art of managing engines; now, the art and science by which the proper- 

ties of matter and sources of power in nature are made useful to man in structures, machines and manufactured 
products. 

••• By definition, a physical quantity is any thing or state of things that may be described in terms of num- 
bers. 
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quantities are caused to change in accordance with commands that may be either 

generated automatically or imposed by independently-made manual settings, 

3. Gages that receive pressure and produce indications by means of pointers 
moving over scales are examples of measuring instruments. Regulators that re¬ 
ceive settings from external sources and automatically adjust the temperatures of 
controlled bodies to these settings are control instruments. Automatic pilots that 
receive settings of altitude, course, speed, etc., and make the required adjust- 

ments for keeping aircraft flying in accordance with these commands are control 
systems that include many instruments in their subsystems. 

4. The examples of the preceding paragraph are typical of the devices that 
fall into the class of instruments or instrument systems. The common feature of 
all ir^icating and measuring instruments is that they generate information on 
physical quantities. The corresponding common function of control instrument 

systems is that they receive, transmit, process, and use information on physical 
quantities for the control of these quantities. 

5. Because instrument systems process information rather than process or 
produce materials or energy, they are generally designed to operate at the lowest 
power levels consistent with satisfactory performance. This means that effective¬ 
ness, rather than efficiency, is the primary consideration for instrument system 

design. 

6. In general, the effectiveness required of instrument systems must be 
realized by combining techniques from many fields of science and engineering. It 
is the considerable background of knowledge and skill that must be drawn from a 
number of usually unrelated regions that has resulted in the development of instru¬ 
ment engineering as an entity* that cuts across the boundaries of traditional 
fields. A large amount of technical knowledge is readily available to the instru¬ 
ment engineer but, because this information is drawn from many independently 
developed regions, he is confronted with a great confusion in concepts, termi¬ 
nology, and symbols.** The confusion is increased because various branches of 
engineering use apparently different treatments of identical problems. 

7. The instrument engineer must be able to coordinate all the viewpoints in¬ 
volved in any given measurement or control problem so that each is given sym¬ 
pathetic and intelligent handling. He must understand and respect the 
achievements in the areas with which he has contact and be able to effectively 
discuss ideas in the special languages of these fields. At the same time, he must 

£ntity ... a thing which has reality and distinctness of being either in fact or for thought . . . 

•• This is a common problem. For example, Prof. Norbert Wiener, in his book Cybernetics . John Wiley & 

Sons, Inc., New York, 1948, states, . . we were seriously hampered by the lack of unity of the literature 

concerning these problems, and by the absence of any common terminology, or even of a single name for the 
field.” 
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have a system of concepts and techniques expressed in his own generalized 
language and designed to serve as a common denominator for the correlation of 
information from many sources. In essence, this does not mean that the instru¬ 
ment engineer is a parasite who depends entirely on material from other fields. 
Rather, it means that he is a cosmopolitan who is a citizen in the world of science 
and engineering and has a language of his own, but who is an accomplished 
linguist with genuine understanding and sympathy for the ideas of his colleagues. 
In many situations, the instrument engineer must also be a diplomat able to 
achieve his goal of a satisfactory working system by persuasion rather than by 
the exercise of actual authority over all phases of an installation for which he 
must provide measurement and control. 

SCOPE OF INSTRUMENT ENGINEERING 

8. Instrument engineering includes the actual carrying out or supervision of 
the design, installation, maintenance, and use of instrument systems, including 
all types of measurement and control equipment. Two important phases in this 
work are the theoretical analysis of performance and the evaluation and interpre¬ 
tation of results in terms of performance requirements. 

9. In addition to system applications which may involve only the combination 
of existing components, instrument engineering includes the development of new 
measurement and control systems, beginning with performance requirements and 
ending in the manufacture of commercially satisfactory products. The engineer 
must clearly understand that projects of this type separate naturally into the three 
phases* shown in the information flow diagram of Fig. 1. These phases are: 

1) Research and development phase 

2) Production design development phase 

3) Production phase 

The research and development phase is initiated by the receipt of performance 
requirements, and generates as its primary output the information necessary to 
carry out the production design. The secondary output is design information for 
test and inspection equipment. This information is received by the production 
design development phase, which produces manufacturing information for the 
product and for the test and inspection equipment. The output from the produc¬ 
tion phase is the desired product. Ordinarily, test and inspection equipment is 

used in the manufacturing procedure and appears only incidentally as an output 
of the production phase. 

• For the purposes of the present discussion, only technical phases are considered. In pracuce contractual 
relationships, accounting organization, personnel organization, and policy sxq)ervision must all’ be properly 
coordinated with the engineering work if a satisfactory result is to be achieved. ^ 
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10. The information flow diagram of Fig. 1 shows a primary chain of boxes 
which represent the phases through which a design must pass from the stage of 
specifications until it is satisfactory for use in production. This primary chain 
is supported by three parallel chains. In the flow diagram, an upper chain of 
theoretical design, simulation, and test studies receives data from the prelimi¬ 
nary design study and supplies information for the engineering test model pre¬ 
liminary design. Arrows in the general direction from the performance require¬ 
ments as the input to the product as the output show the transfer of information 
along the "direct" path. "Feedback" information is represented by arrows drawn 
in the opposite direction. Heavy arrows show information transfer of primary 
importance. Lighter arrows indicate information transfer of less importance. 

The component and system test chain appears in the flow diagram just below the 
design chain. This parallel chain represents the generation of information to 
support design work by actual tests of experimental models. The requirement for 
free exchange of data among all the boxes of the test chain and the design chain is 
indicated by vertical arrows in the flow diagram. The test and inspection equip¬ 
ment development chain appears as the bottom line in the flow diagram. This 
chain has an auxiliary parallel chain which represents test work on actual equip¬ 
ment. The diagram shows the strong interchange of information between the test 
equipment chain and the test chain. 

11. In practice, the only object of the research and development phase of a 
project is to generate information from which a production design may be de¬ 
veloped. This means that the work of a limited number of able engineers should 
be assisted in every possible way by allowing them to operate with proper facili¬ 
ties under rules designed for flexibility and the rapid translation of ideas into 
theoretical results and working test models. It is of primary importance that all 
information supplied for production design purposes be checked by experimental 
results from a working test model. This test model should have substantially all 
the functional features of the proposed product, but, in general, will be hand-made 
in the shop rather than fabricated with production techniques, 

12. In the production design development phase of the information flow dia¬ 
gram, all the rules, procedures, and restrictions required in successful produc¬ 
tion should be applied to the design work. All designs should be checked by ex¬ 
perimental tests on a small number of prototype models to be sure that the essen¬ 
tial functions are preserved when all the production design features are introduced. 
It is important that trials of the prototype model be carried out with the test 
equipment proposed for use in actual production. 

13. The engineering procedure shown in the information flow diagram for 
the development of instrument systems represents the ideal situation. Any actual 
development will follow a pattern more or less different from that of the flow 
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diagram. In some cases of small production, the research and development phase 
may be stressed to a point where each production item is treated as an engineer¬ 
ing model. On the other hand, stress may be removed from the research and de¬ 
velopment phase to such an extent that it becomes necessary to carry out the re¬ 
search function by making changes in production lines. This procedure is likely 
to be slow and expensive, but it must be recognized as one way of generating the 
manufacturing information required for a satisfactory output item. 

14. It is obviously impossible for the instrument engineer to qualify as a 
professional expert in all details of the development procedure suggested by the 
information flow diagram. However, it is important for him to know the general 
character of the interactions between the various steps in the required processes 
and, in particular, to realize the necessity for making sure that all informational 
loops to the main design chain are closed by proper feedback channels from 
activities that check and extend design information. The instrument engineer 
should be able to recognize deficiencies in the information itself or in the channels 
for its transfer and to remove these deficiencies either by direct analysis carried 
out by himself and his own group or by coordination of the efforts of a cooperating 
organization. To be effective in this area, the instrument engineer not only must 
have a broad viewpoint and training in a number of fields but also should develop 

a sufficient feeling for the opinions of others to know when he is an effective co¬ 
ordinator and when he has stepped across the boundary into the region of becom¬ 
ing obnoxious by "minding other people's business." The formal training may be 
acquired by any individual with an engineering or science background who is will¬ 
ing to make the required effort over and beyond that necessary to take an engi¬ 
neering degree in any field. On the other hand, the ability to effectively assist in 
the coordination of system work without holding firm over-all authority is some¬ 
thing that will be acquired by only a limited number of individuals. However, in 
any case, the instrument engineer should have enough of the over-all viewpoint 
for him to realize that satisfactory results depend upon the successful operation 
of all components of a system rather than the superlative performance of the few 
parts that may be under his direct control. 

THE METHOD OF IHSTRUMENT ENGINEERING 

15. The basic problem of instrument engineering is to determine the effects 
of instruments and controls, which in general belong to the class of operating sys- 
tems , in establishing functional relationships among physical quantities. As a 
general rule certain quantities will be independent of any actions of some operat- 
ingsystems, so that they belong in the class of inputs for these systems. Other 
quantities are outputs in the sense that they depend not only on the inputs but also 
on the operating systems involved. Formally, one part of the required result in 
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any given situation is a solution giving the response in terms of output variations 
that depend upon the input variations to the operating system. In order for a 
solution to be of practical use for engineering purposes, the essential physical 
facts associated with the operating system considered must be described in terras 
of diagrams, figures, uniquely defined symbols, and mathematical forms. The re¬ 
quired solutions may be found by the use of mathematical processes, computers, 
simulators, or any other available means. With solutions available, the remain¬ 
ing step in an engineering problem is to interpret the results in terms of the 
existing physical situation. In practice, many variations of the basic problem will 
appear, but it is always of primary importance to express the performance 
characteristics of operating components * and systems in terms of performance- 
describing concepts especially adapted for use in measurement and control prob¬ 
lems. Performance characteristics for a number of commonly occurring operat¬ 
ing component types are given in later chapters. 

16. The plan followed in this treatment is to describe the material and de¬ 
velop the methods of instrument engineering in three major parts, each of which 
is the primary subject matter of a volume: 

I. METHODS FOR DESCRIBING THE SITUATIONS OF 
INSTRUMENT ENGINEERING. 

n. METHODS FOR ASSOCIATING MATHEMATICAL SOLU¬ 
TIONS WITH COMMON FORMS. 

m. APPLICATIONS OF THE INSTRUMENT ENGINEERING 
METHOD. 

17. The first volume deals with the essential physical facts associated with 
problems of measurement and control and the techniques by which these facts 
may be represented for purposes of description and analysis. Description im¬ 
plies first the use of proper concepts to define the physical quantities involved 
and symbols to represent the quantities and the concepts. Similarly, concepts and 
symbols must be defined to describe the performance of all operating systems 
and their components. 

18. With concepts and symbols available, it is necessary to show interrela¬ 
tions among physical quantities and operating components by diagrams and other 
means. Diagrams of many types are required, ranging from cutaway drawings, 
through pictorial drawings and pictorial schematics, to the functional and mathe¬ 
matical diagrams used for analysis and design purposes. 

• Operating components are the '^building blocks'^ of which operating systems are formed. By definition, 
operating components establish functional relationships between their it^>ut <]uantities and their corresponding 
output quantities. 





19. Mathematical expressions to describe the performance of operating sys¬ 
tems and their components may be developed from the information summarized in 
mathematical diagrams. These expressions are derived by applying natural laws 
to the components of operating systems. The equations formed by this procedure 
are the basic material for defining performance-describing concepts that may be 
reduced to standard forms specially adapted to the purposes of instrument en¬ 
gineering. The fundamental performance-describing concept is the performance 
operator, which expresses in quantitative terms the action of a given operating 
component or operating system in establishing functional relationships among the 
essential inputs and outputs. Various modifications of the performance operator 
concept will appear in the discussions of Volume I. 

20. A survey of the equations required to describe the performance of 
operating systems for the purposes of instrument engineering discloses certain 
general patterns. These similarities make it possible to set up generalized 
forms that effectively express the performance of substantially all operating 
systems that are of engineering interest. Solutions of these forms for several 
simple but highly important cases and also for situations of indefinite complexity 
are the subject matter for Volume II. 

21. Volume II takes as its basic problem the finding of solutions for generalized 
performance-describing equations that may be developed by the methods of 
Volume I. A widely useful performance-describing form is the linear differential 
equation with constant coefficients. Complete solutions of this form are possible 
when the equation is of first or second order. Solutions for higher order forms 
are also possible, but the methods required are so cumbersome that special 
graphical and computational procedures are required. In these procedures, it is 
convenient to analyze equations of any order into combinations of first- and second- 
order forms. For this reason, it is important to have immediately available 
generalized data on first- and second-order solutions. These data are developed 

in Volume II and are summarized both graphically and in numerical tabulations. 
Volume II also includes a discussion of stability in solutions of equations of 
arbitrary order with special attention to equations of seventh order and less. The 
stability problem is treated in terms of various analytical and graphical methods 
and is coordinated with other aspects of finding solutions for differential equa¬ 
tions. The results developed in Volume II are presented in nondimensional terms 
which make them immediately applicable to any problem that may be described 
by certain easily identified equation forms. This immediate availability of infor¬ 
mation is especially valuable for the synthesis phases of instrument system de¬ 
sign and is helpful for the purposes of analysis and data evaluation. 

22. Volume HI is made up of examples in which the methods and information 
developed in Volumes I and II are used to solve various problems of instrument 



engineering. The examples of Volume III are chosen because they represent 
common situations for which it is desirable to have solutions immediately avail¬ 
able and because they illustrate typical applications of engineering principles. 

23. The situations considered in Volume III progress in complexity from 
measuring instruments that may be described by first-order differential equa¬ 
tions to control systems using feedback chains with variable characteristics. 
Solutions for this range of examples require the use of all the analytical and 
graphical methods developed in Volume II and suggest procedures to be used in 
treating any problems that may occur in practice. Open-chain systems and 
closed-chain systems, including typical servomechanisms, are intermixed with¬ 
out formal distinctions between various types. Classifications are made on the 
basis of complexity of performance equations, not by the organization of the sys¬ 
tem which is described. Volume III is intended to be a ready source of quantita¬ 
tive performance information on typical instrument systems and to concisely 
Illustrate the instrument engineering approach to problems of all types. 
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CHAPTER 1 


THE OPERATING SYSTEM 

A. THE OPERATING COMPONENT 

LI. Instrument engineering is based on the concept of the operating compo¬ 
nent , which, by definition, establishes functional relationships among the physical 
quantities that act as its inputs and its outputs. * A typical example of an operat¬ 
ing component is pictured in Fig. 1-1, which shows a simple spring-and-index 
combination. The input to the operating component is a force — the force that 
stretches the spring. The output is the index displacement, which results from 
the stretching of the spring. 



Fig. 1-1. Spring-and-index combination as an operating system with a single input and a single output. 

1.2. While Fig. 1-1 shows the physical features of the operating component, 
its functional nature is more readily described graphically in the way shown in 
Fig. l-2a, which is a functional diagram for the spring-and-index combination. 

The form of the functional diagram is applicable to any operating component, as 
shown in Fig. l-2b. Typically, a rectangular box represents the operating compo¬ 
nent. For convenience in making written reference to the component, some form of 
abbreviated coding is frequently desirable. The letters (oc) suggest themselves for 
operating component, and similarly the letters (s + i) serve to identify spring-plus- 
index, the enclosing parentheses designating the letters as a single expression. 

1.3. The input is shown entering the operating component from the left, the 
arrowhead fixing the direction of flow of the input quantity. Again, a symbol is 
generally useful in referring to this quantity. The letter q is used to represent 

* In general, inputs and outputs are quantities that vary with time. This dependence on time is not explic¬ 
itly noted except where it is necessary for the treatment of particular problems. 
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qu^-. To show that q is an ^ quantity , a subscript in is used to 
rrn tne complete symbol. Similarly, in the functional representation of the 

Tri:n£-^-1^ eombir^ the inp^ ^ is represented by the more quickly 
. t.er. F._. The same treatment is extended to the output of the component, which 

for the generalized form, and d^ for the displacement of the index. 
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Fig. l-I Fonclionol diagrams (or an operofing component with a single input and a single output. 

1.4 The introduction to symbolic notation given here for an operating com¬ 
ponent is extended in later chapters, as discussions require, to include all phases 
of iaslrument en^neering. 

B. THE OPEN-CHAIN OPERATING SYSTEM 

1.5. An operating system is formed by the combination of two or more op¬ 
erating components. For example, if a scale is added as a second operating com¬ 
ponent for the spring-and-index combination of Fig. 1-1, the result is the spring 
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Fig. 1-1 Spring balance a$ an operating system. 

balance shown in Fig, 1-3. In this figure, the scale acts as an operating compo- 
nent in the sense that it receives the index displacement as its input and produces 
the force scale reading (F for force, with subscript s to show that it comes from 
the scale) as its output. Figure 1-4 is a functional diagram showing the two 




operating components of Fig. 1-3 represented as an open- chain system . The term 
chain is used here because the operating components are interconnected as the 
links of a chain. The chain is an open chain because each link is connected only 
to the links which precede and follow it, and does not "jump across" any links either 
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Fig. 1-4. Functional diagram for a spring balance as an open-chain operating system. 

forward or backward along the chain. Figure 1-5 is a representation of an open- 
chain system with an indefinite number of links. It is conventional to show the 
input quantity entering the diagram at the left and the output quantity leaving the 
diagram at the right, with the same sense preserved for all intermediate links. 
The terminology and symbols follow the pattern described for Fig. 1-2, with the 
exception that subscript numbers are used to identify operating components and 



Fig. 1-5. Generalized functional diagram for an open-chain operating system. 

their associated physical quantities in order along the chain. In discussions 
of open-chain systems, the direction from the system input quantity to the 
system output quantity is called the direct sense along the chain. The oppo¬ 
site direction, from system output to system input, is called the inverse 
sense along the chain. 

C. THE CLOSED-CHAIN OPERATING SYSTEM 


DEFINITIONS 

1.6. An operating system becomes a closed-chain system when the output 

from an operating component is supplied as an input to one or more components 

* 

forward or backward along the chain. The feedback system is a special case of 
the closed-chain system, in which the output from one or more operating compo¬ 
nents is supplied as an input to one or more of the preceding components in the 
direct sense of the main operating' chain. Any parallel chain branch that trans¬ 
mits action in the inverse direction with respect to the main chain branch is a 
feedback branch, and the quantities it supplies as inputs to chain components are 
called feedback quantities. 
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feedback 


1... Feedback branches are the distinguishing characteristic of all servo¬ 
mechanisms* and many control systems. In effect, feedback makes it possible 
for an operating system to check directly on its own operation by comparing the 
actual output with the correct output for a given input, and to make required cor¬ 
rections on the basis of differences between some function of the actual output 
and the input. Feedback is also useful in systems designed for automatic opera¬ 
tion, in which it merely serves to eliminate a human operator. An application of 
this type is illustrated in Figs. 1-6, 1-7, 1-8, and 1-9, which describe a force 
measuring scale, first with manual adjustment of the balance mass and then with 

a feedbackbrancharrangementforautomatically maintainingthe required balance. 



NAMES FOR OPERATING COMPONENTS 


1.8. The illustrative example of Fig. 1-6 will be used to demonstrate a 
generally useful scheme for naming operating components and forming associated 
symbols. In the procedure to be described, components are given both functional 
names and object names; that is, they may be designated by words that describe 


what they ^ and also by names that tell what they are. 


Symbols for operating 


components are formed** by using the initials'of the assigned names as a group 


of lower-case letters. 


* Servomechanisms arc discussed by many writers as the basis for a distinct field of engineering. See, for 
example, bibliographical references (1), (2), (5), (9). (15), (20), (23). (24), (27), (28), (32). 

•• Exceptions to this rule are made as required by special situations. 
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MANUAL SCALE BALANCING 

1.9. The force measuring scale illustrated in the diagram of Fig. 1-6 is 
used to associate numbers with the input by causing the force to apply a torque 
component to a rigid scale beam. This scale beam also receives a torque in the 
opposite direction from a balance mass which is moved along the scale beam by 
means of a balance mass screw. The equality of the balance mass torque 
and the force input torque is shown by coincidence of the balance index with 
the balance reference index. When these two indices are not in perfect 
alignment, the scale beam angle (main symbol A for angle with subscript sb for 
scale beam) indicates the direction and amount by which the balance mass is out 
of adjustment. With the scale in balance so that the scale beam angle is zero, the 
balance mass position is determined by the force input. This position is indicated 
by the balance mass screw index. The indicated force may be read directly from 
this index or from the force scale on the scale beam. Manual adjustment of the 
balance mass is required when force measurements are made with the arrange¬ 
ment of Fig. 1-6; that is, a humanoperator observes the scale beam angle and adjusts 

the balance mass position by changing the balance mass screw angle with the 
balance mass screw crank. This adjustment is continued by a trial-and-error 
process until the scale beam angle is substantially zero. When this condition 
exists, the force indication may be read directly from the scale on the beam. It 
is important to note that although the manually-adjusted force measuring scale of 
Fig. 1-6 does not include any feedback arrangement within itself, no force reading 
is possible unless a human operator provides the feedback function by observing 
the scale beam angle and making the necessary corrective changes to the balance 
mass screw angle setting. This means that a human operator is an essential part 
of the measuring system, although he does not appear in the diagram. 

FUNCTIONAL DIAGRAM FOR MANUALLY-ADJUSTED SCALE 

1.10. Figure 1-7 is a functional diagram for the manually-adjusted force 
measuring scale of Fig. 1-6. With the pictorial diagram of the arrange¬ 
ment available, the functional diagram of Fig, 1-7 needs little explanation. 

In this example, the scale is an instrument of the quantity balance type in 
which torque is the balancing variable. The scale beam is a rigid body 
which receives and equates the force input torque to the balance mass torque. 
Any deviation from equality of these two torque components is indicated by a 
scale beam angle different from zero. In Fig. 1-7, two parallel operating 
chains generate the torque components that are equated by the torque sum¬ 
ming member. Both of these chains are direct chains because they re¬ 
ceive inputs and produce outputs without feedback action of any kind. One 
chain consists of the force receiver, which receives the force input and 
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transmits it unchanged to the force receiver support, and then applies the 
input force torque to the torque summing member. The force receiver 
support acts as a rigid arm that multiplies the input force to produce its 
output torque component. The second direct chain consists of the balance 
mass screw, which receives the balance mass screw angle setting as an in¬ 
dependent input and produces the balance mass position as its output. This 
position is one of the inputs for the balance mass support system, which re 
ceives the weight of the balance mass as its second input and effectively 



Fig. 1-7. Functional diagram of a force measuring scale with manual balancing adjustment. 

multiplies the two inputs together to produce the balance mass torque as its 
output. The primary output of the force measuring scale is the balance 
mass position, which is taken from the balance mass screw and supplied as 
the input for the force scale. The output from the force scale is the force 
scale reading. In practice this reading is not a true measure of the force 
input unless the balance mass screw angle setting is manipulated to maintain 
the scale beam angle at zero. For this reason, the force measuring scale of 
Figs. 1-6 and 1-7 is not a self-contained instrument. 
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FUNCTIONAL DIAGRAM FOR AUTOMATIC BALANCING SCALE 

1.11. The arrangement of Figs. 1-6 and 1-7 may be made to measure force 
automatically by closing the loop between the scale beam angle and the balance 
mass screw setting with a feedback chain of operating components. Figure 1-8 
is a pictorial diagram for the force measuring scale with automatic balance ad¬ 
justment. A potentiometer winding and slider arrangement is used to replace the 
balance index and the reference index of Fig. 1-6. The potentiometer acts as a 
signal generator, which receives the scale beam angle and produces an electrical 
signal suitable for controlling the balance mass screw drive system. This drive 
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Fig. 1-8. Pictorial diagram of a force measuring scale with automatic balancing adjustment. 


system consists of the balance mass screw drive motor and the balance mass 
screw drive motor power control system, which receives the output of the signal 
generator and supplies the proper power input for the drive motor. Figure 1-9 
shows that the signal generator and the balance mass screw drive system form a 
feedback branch acting inversely in parallel with the balance mass chain shown in 
Fig. 1-7. Aside from the addition of this feedback branch, the essential difference 
between the diagram of Fig. 1-9 and the diagram of Fig. 1-7 is that in the former 
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figure the balance mass screw angle setting as an input and the scale beam angle 

as an output are both absent. This means that the adjustment function required 

of a human operator in Fig, 1-7 is carried out automatically in the arrangement 
of Fig. 1-9. 



Fig. 1-9. Functional diagram of a force measuring scale with automatic balancing adjustment. 

ADDITIONAL NOTATION CONVENTIONS 

1.12. Several conventions in terminology and notation not previously men¬ 
tioned are illustrated in Figs. 1-6 to 1-9. For example, in Fig. 1-8 dotted-line 
boxes enclosing several components are used to designate the scale beam angle 
signal generator and the balance mass screw drive system as subsystems. These 
subsystems are shown as single operating components in the functional diagram 
of Fig. 1-9. This convention of designating the components that may be con¬ 
veniently grouped into a subsystem by a dotted-line enclosure is useful in many 
problems of instrument engineering. 

1.13. In Fig. 1-9, the input to the signal generator is shown as the scale 
beam angle correction. This name implies that the designated angle is the angle 
through which the beam would have to be turned in order to bring it to the correct 
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position. For the case of Fig. 1-9, the correct scale beam angle is zero, so that 
the correction angle is equal to the negative of the scale beam angle. The symbol 
used for the scale beam angle correction is a capital C, for correction, enclosed 
in parentheses, followed by the symbol for the scale beam angle. Another new 
notational convention is the use of the letters Sg enclosed in parentheses to de¬ 
note 'Signal" and given subscript letters identifying the entity with which the sig¬ 
nal is associated. The other symbols in Figs. 1-6 to 1-9 are formed in accord¬ 
ance with the conventions already described. 

1,14, In the pictorial drawings of Figs. 1-6 and 1-8, the representation of a 
linear scale-and-index combination for producing output readings is considered 
to be suggestive only; the actual scale reading may be generated by counters, by 
printing recorders, or by any other means without violating the intended meaning 
of the diagram. A number of other similar conventions will appear in later dis¬ 
cussions. 


Direcc Branch 




Feedback branch 


Fig. 1-10. Generalized functional diogram for a closed-chain system with a single feedback branch. 


CLOSED-CHAIN SYSTEM WITH SINGLE FEEDBACK BRANCH 

1.15. Figure 1-10 is a generalized functional diagram for a closed-chain 
system with a single feedback branch. The system input is received by the input- 
feedback signal comparator, which also produces the feedback signal correction 
as its output. The signal correction is the change in the feedback signal required 
to make it equivalent to the system input. The feedback signal correction is the 
input for the direct branch operating component, which produces the output sig¬ 
nal which in turn acts as the command quantity for the system output. The out¬ 
put signal is received by the output generating component and produces the system 
output as its own output. The output generating component has the feedback output 


19 






signal as its second output. This signal is fed in the inverse direction as the in¬ 
put for the feedback branch operating component, which produces the feedback 
signal as its output. 

AUTOMATIC FORCE MEASURING SCALE AS A CLOSED-CHAIN SYSTEM 

1.16. The self-balancing scale arrangement of Figs. 1-8 and 1-9 is a special 
case of the generalized closed-chain system primarily because it continuously 
searches out the level of an unchanging input quantity. In order to be fitted into 

the generalized closed-chain pattern of Fig. l-lo, the automatic balancing system 


Direct Branch 



Fig. 1-n. Generalized functional diagram for a closed-chain system with multiple feedboclr branches. 

of Figs. 1-8 and 1-9 must be considered as rearranged to some extent. It is con¬ 
venient to consider the zero signal generator output position of the scale beam as 
the unchanging input quantity and the actual position of the scale beam as the feed¬ 
back quantity. The scale beam angle signal generator corresponds to the input- 
feedback signal comparator, and its output becomes the feedback signal correc¬ 
tion. The balance mass screw drive system, the balance mass, and the balance 
mass support act as the direct branch operating component, while the scale beam 
becomes the feedback branch operating component. In Figs. 1-8 and 1-9 the out¬ 
put quantity is the indicated force, which is Uken from the balance mass position 
by means of the scale. This arrangement does not fit in directly with the organi¬ 
zation of components in Fig. 1-10 in that the feedback output signal is not taken 
from the output generating component but is drawn from an internal part of the 
direct branch operating component. However, because of the rigid mechanical 
coupling involved, the action of the illustrative system of Figs. 1-8 and 1-9 is 
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clearly equivalent to that suggested by the diagram of Fig. 1-10. The departure 
from exact correspondence between the generalized diagram and the particular 
example cited is no worse than situations that often occur when actual applica¬ 
tions of the general principles are considered. 

CLOSED-CHAIN SYSTEMS WITH MULTIPLE FEEDBACK BRANCHES 

1.17. Closed-chain systems are not restricted to single feedback branches, 
but may have an indefinite number of such branches interconnected with the pri¬ 
mary direct branch in any one of many ways. Figure 1-11 illustrates a typical 
example of a multiple feedback branch closed-chain system. The generalized 
diagram is drawn with two feedback branches connected to two separate operating 
components earlier in the direct branch than the component from which the inputs 
to the feedback branches are taken. In order to reduce the size of the diagram 
while still clearly showing the functional connections, all quantity and component 
names are omitted from Fig. 1-11. These names are replaced by letter combi¬ 
nations formedby conventions that are generally similar to those used in Fig. 1-10. 
The exceptions that occur to the conventions already discussed are the addition 
of numbers and letters to identify the positions of components in direct or feed¬ 
back chains. The chain branches themselves are identified by thin, curved dot- 
dash lines drawn so as to suggest the parts of the loop to which the branches 
belong. 
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CHAPTER 2 


DIAGRAMS FOR DESCRIBING OPERATING SYSTEMS 


general requirements 


2.1. Convf-ntions of various kind.s have bef'n introducfd in tho preceding 
chapter for the description of operating systems. However, the concept., have 
been restricted to the ideas recjuired to introduce Reneral principles, and did not 
include a number of diagram types that are generally useful, A more extended 
discussion of diagrams and their applications is j^iven in this chapter. 

2.2. The effectiveness of en^ineerinK work on an instrument sy.tem is greatly 
imiiroved when the .system functions are clearly described by means of diagrams 
and mathematical forms. To be completely satisfactory the presentation must not 
only include descriptions of mechanical arrangements in terms of pictures or 
pictorial diagrams, but must also associate this pictorial data with functional and 
mathematical representations. The latter two diagram types con.slst of .simple 
blocks properly labeled to represent the actions of components represented to in¬ 
dividuals already generally familiar with the system being described In practice, 
the design of any given system must be started by engineers who have such broad 


backgrounds of knowledge that all the necessary information can usually be pre¬ 
sented by means of simple diagrams. On the other hand, a more extensive .set of 
diagrams is retjuired to explain a complete sy.stem to interested persons who have 
a limited experience with similar arrangements. Figures 2-1, 2-2. 2-3. 2-4. 2-5. 

and 2-6 form an illustrative series of diagrams of this kind for a diaphragm-type 
pressure gage. 


CUTAWAY VIEW 

2.3. Figure 2-1 is a cutaway view of the pressure gage,* and is u.sed to illus¬ 
trate a typical mechanical detail picture. The diaphragm unit which receives the 
pressure to be measured, the coupler , the pressure index, and the scale are 
labeled in Fig. 2-1 as components with essential functions in the operation of the gage 
Cutaway views like that of Fig. 2-1 are intended to show the parts making up a 
system, the mechanical forms of these parts, and how the parts are physically 

* The unit shown is nctutt^lly the indicnttn^ hend of n pitot^stMic •ir'^^ed Meter Ibt tttcttdx. Becnsee 
eiample used here considers the unit es ■ pressure gefe onW. no reference is ^de m *is place m tW re«t 
to its role as port of on airspeed meter system. 
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related. The object of a diagram of this type is to describe the arrangement for 
individuals who wish to familiarize themselves with a system under discussion. 
No attempt is made in diagrams of this kind to indicate functional relationships 
beyond those directly evident from the mechanical features of the picture. 



Fig. 2-1. Cutaway view of diaphragm-type pressure indicator; mechanical detail picture. 


PICTORIAL SCHEMATIC DIAGRAM 


2.4. Functional relationships among the operating components of a system 
may be shown in diagrams of many kinds, ranging from pictorial diagrams that 
obviously represent parts of a mechanical feature picture, to mathematical dia¬ 
grams made up of line boxes that are either empty except for simple identifica¬ 


tion* symbols, or contain only 


II 


athematical expressions.♦♦ 


Pictorial schematic 


diagrams greatly facilitate discussions of operation among individuals having 
various levels of knowledge about the system being considered; however, they are 
difficult to draw and are not necessary for engineers who are completely familiar 
with the functional relationships involved. Figure 2-2 is an illustrative pictorial 

* Itiis ideatificatioo may be by letters, by numbers, or by a combination of letters and numbers. 

** It is feasible to place mathematical symbols in the boxes of a diagram only when the functions to be 
represented are relatively simple. When complicated functions must be used, it is better to set up a performance 
characteristic table with the necessary association established by proper identification symbols. 
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dia-ram showing the essential operating components for the pressure gage of 

Fig. 2 - 1 . with the components placed so that their functional relationships are 
directly apparent. ^ 



Fig. 2-2. Illustrative pictorial scherrwtic diagram for a diaphragm-type pressure gage 


input categories for the operating system 

2.5. Any independent quantity which is able to affect the output of an operat 

mg system IS properly one of the inputs for the system. In practice, inputs 
naturally divide into three categories: 

1) Actuating inputs, which are the quantities intended to act 

as the primary independent quantities associated with the 
operating component. 

2) Interfering inputs, which have undesirable effects on the 

operating component output and in practice are minimized 
so far as possible by design. 

3) Modifying inputs, which act on the operating component 

to alter relationships between the actuating inputs and the 
output quantity. 

2.6. The Illustrative pictorial schematic diagram of Fig. 2-2 shows that the 
actuating input is pressure, and shows the linear acceleration of the gage case as 
an interfering input. The general convention which is illustrated in the diagram 
Shows that the distinction between inputs of these two types is made by using full 
lines to represent actuating inputs and dash-dot lines to represent interfering inputs. 

functional identification of operating systems 

2.7. Functions of three types are usually associated with the action of any 
operating system: 
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1) It must receive input quantities, and for this reason may 
reasonably be classed as a receiver. 

2) It must act as a transducer, * in the sense that it receives 
power from one system and supplies power to another 
system; this action may also be recognized by calling the 
operating component a coupler. 

3) It must act as a generator, in the sense that it generates 
an output of some kind. 

2.8. In practice, the name applied to any given operating component aepends 
upon which of its three phases of behavior appears to be of primary importance 
in a particular application. For example, an electronic unit designed to be actuated 
by electromagnetic waves is generally called a radio receiver because its im¬ 
portant action is that of responding to its actuating input quantity. The loua 
speaker associated with a radio receiver is a transducer because it functions by 
taking electrical power from the receiving system and supplying acoustic power 
to the air in contact with the speaker diaphragm. A conventional dynamo receives 
mechanical power and generates electrical power; because in this example atten¬ 
tion is primarily on the output of the unit, the machine concerned is a generator. 
The principles outlined here are applied in forming the names used for the operat¬ 
ing components of Fig. 2-1. 

2.9. In Fig. 2-2, the diaphragm unit at the left of the diagram is the pressure 
receiver, which is driven by the input pressure to produce a linear displacement 
as its output. This linear displacement is received by the coupler, which is a 
lever arrangement that supplies a linear displacement as the input for the indicat¬ 
ing system. A gear-and-pinion arrangement acts as the indicating system, which 
receives the linear displacement output of the coupler and produces the pressure 
index angle. This quantity is the angular displacement of the pressure index from 
some reference orientation determined by the position occupied by the index when 
no pressure is applied to the gage. The zero point of the pressure scale is made 
to coincide with the zero pressure position of the index.** The scale is calibrated 
so that numbers on its face are measures of the input pressure applied to the 
gage. With a given pressure input, the number corresponding to the index posi¬ 
tion is the pressure scale reading, or the indicated pressure, which is the essen¬ 
tial output from the gage. With a perfect pressure gage, the scale reading would 
be equal to the input pressure under all conditions. An ideal pressure gage would 
give scale readings equal to the input pressure except for certain errors tolerated 

• Webster’s Collegiate Dictionary gives for transducer: a device actuated by power from one system and 
supplying power to a second system. 

** la practice, measuring inscrumencs are often built with suppressed zero scales. In instruments of this 
type, only a portion of the range of input levels appears on the scale itself, and stops within the mechanism 
restrict the index position to motion over this region. 
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in the design. The readings from any actual pressure gage will differ from the 
readings of the ideal pressure gage by the presence of uncertainties. These 
distinctions will not appear explicitly on diagrams like that of Fig. 2-2, which in 
general may be descriptive of any pressure gage with the features shown. 


pictorial-functional diagram 


2.10. Figure 2-3 is an illustrative pictorial-functional diagram for the pres 
sure gage of Fig. 2-2. Functional information is combined with the pictorial rep 
resentation by showing the mechanism as divided into operating components en¬ 
closed in a chain of dashed-line boxes. Enough details of the arrangement for 

carrying out the described function are included for the identification of parts on 
the pictorial-functional diagram. 
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Fiq. 2-3. Illustrative pictorial-functional diagram for a diaphragm-type pressure gage 


NAMES AND SYMBOLS ASSOCIATED WITH THE PRESSURE GAGE 

2.11. In order for a diagram like that of Fig. 2-3 to be useful in practice, 
the physical quantities and components involved must be given names and sym¬ 
bols. For example, the input pressure, p.^, (p for pressure, and the subscript 
in for input) and the linear acceleration of the gage case, a^^, (a for linear ac¬ 
celeration, ca for case) are shown as inputs to the pressure receiver, (pr), 

(p for pressure, r for receiver). Pressure as the actuating input is represented 
by a solid-line arrow, showing that the pressure level is an indep endent variable 
determined by some component or system to the left of the pressure receiver in 
the direct chain of pressure gage operating components. The fact that the pres- 
sure receiver responds to linear acceleration* is due to the necessity of using 
materials with mass and elasticity in its construction, and is incidental to the 
action of the unit in responding to pressure. The dot-dash-line arrow identifies 
this quantity as an interfering input. Linear acceleration falls into the class of 
interfering inputs to the pressure gage because its effect on the index position is 
undesirable and in this sense interferes with proper operation of the gage. 

2.12. The output from the pressure receiver is the pressure receiver output 
displacement, d^^, (d for linear displacement, and pr as a subscript showing 

Modern pressure gages are usually designed to minimize this effect oy having properly located support 
points to reduce the effect of acceleration forces. 
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that the displacement is associated with the pressure receiver). The coupler 
(symbol (c)) receives the pressure receiver displacement and produces the coupler 
output displacement (symbol d ). The coupler output displacement acts as input 
for the indicating system , (symbol (is)), which in turn produces the indicated 
pressure angle , (A for angle, and (ind) for indicated) as its output. The 

indicated pressure angle, read with respect to the scale (symbol (s)), gives the 
pressure scale reading, p^, (p for pressure, and subscript s for scale), which is 
also called the indicated pressure , (p for pressure, and subscript ind for 
indicated), because it is the pressure indicated by the gage. 

2.13. The pressure gage used in Figs. 2-1, 2-2, and Z'-S to illustrate three 
generally useful methods for describing operating systems is a measuring instru¬ 
ment in the sense that its essential output is a measurement of the pressure that 
is its actuating input. 


INDICATIONS AND SCALE READINGS 

2.14. In practice, a mechanism similar to that described in the figures may 
not be required to produce scale readings, but only to generate indications in 
terms of index positions, without any numerical results appearing at any time. In 
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Fig. 2-4. Line schematic diagram for a diaphragm-type pressure gage. 


situations of this kind the general methods for description would be identical with 
those illustrated in Figs. 2-1, 2-2, and 2-3, but the scale would be omitted from 
the chain of components. Ordinarily this chain would be lengthened by the addi¬ 
tion of new components designed to accept the pressure index angle as one of its 
inputs. The more complicated systems that result from lengthened operating 
chains are discussed later. 



line schematic-functional diagram 


2.15. Because of the drawing skill required for making pictorial drawings, 
diagrams of this type are often replaced by line schematic representations, which 
may be made more easily, and, when they are properly understood, serve the same 

purpose as the more complicated presentations. Figures 2-4 and 2-5 are diagrams 

that effectively convey the same information as the pictorials of Figs. 2-2 and 

2-3. All names and symbols are identical for the two sets of diagrams, so the pre¬ 
vious discussion of the earlier figures applies equally well to Figs. 2-4 and 2-5. 
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Fig. 2-5. Line schematic-functional diagram for a diaphragm-type pressure gage. 


functional diagram 

2.16. Pictorial- and line schematic-functional diagrams are useful for the 
puroose of associating functions with the physical forms of operating components 
but are unnecessarily complicated when this association is clearly understood. 

If this situation exists, functional diagrams are easily made with straight-line 
boxes and may be made to supply the same information as pictorial-functional 
diagrams. Figure 2-6 is a functional diagram for the illustrative pressure gage 
that corresponds to the more elaborate diagrams of Figs. 2-3 and 2-5. 



Fig. 2-6. Illustrative functional diogrom for a diaphragm-type pressure gage 


UTILITY OF SEVERAL DIAGRAMMATIC FORMS 

2.17. Input and output quantity names and symbols are identical in the dia¬ 
grams of Figs. 2-2 to 2-6 inclusive. The same name is used for each component 

in all these diagrams, which are equivalent for any person familiar with the details 
of the implementation involved. A comparison of the diagrams makes it imme¬ 
diately obvious that if the pressure gage construction is not already familiar, the 
diagrams of Figs. 2-3, 2-4, and 2-5 convey more information than the diagram 
of Fig. 2-6. In any practical situation the type of diagram to be used depends 
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upon circumstances. It is often worth while for reference purposes to make up 
a series of diagrams more or less similar to those of Figs. 2-1 to 2-6.* With 
this series available, the needs of a particular situation may be met by selecting 
diagrams appropriate to the background knowledge of the individuals concerned 
in any given discussion. 


MATHEMATICAL DIAGRAM 


2.18. When the theoretical aspects of system or component operation are of 
primary interest, the diagrams already discussed may be replaced by the mathe¬ 
matical diagram. In this diagram type, straight-line boxes similar to those of the 
functional diagram are used to represent operating components or combinations 
of operating components. Each box contains a mathematical expression that de¬ 
scribes the performance characteristics of the component or system represented 
by the box. In order to facilitate associations between physical units and the 
corresponding mathematical performance descriptions, the names and symbols for 



To simplify the diagram only static performance symbols, 
represented by the sensitivity, , which is by definition 
equal to the ratio between static output changes and the cor¬ 
responding static input changes, are given. 

The unhyphenated letter combination subscripts identify the 
performance symbol with the operoting component which it 
represents. 

The hyphenated number subscripts identify the performance 


symbol with the action between the points of interconnection 
of the components of the operating chain. 

When performance characteristics ore of primory interest, 
identifying names and symbols may be omitted, leoving only 
performance symbols in the operating component boxes. 

The performance symbols of this figure are incomplete in 
that input-output subscripts are omitted. Rules for forming 
complete symbols are given in Chapter 10. 


Fig. 2-7. Illustrative mathematical diagram for a diaphragm-type pressure gage. 


the components concerned may be included in the boxes. The performance-de¬ 
scribing mathematical expressions may be identified either with the components 
whose behavior they represent, or with the interconnections between operating 
components. For example, in the illustrative mathematical diagram of Fig. 2-7, 
which shows the behavior of each component in the pressure gage of Figs. 2-1 to 
2-6, the performance symbol for the pressure receiver is identified either by the 
subscript symbol (pr) (for pressure receiver) or by the subscript (1-2)** to indicate 

• Vtlien the system to be represented involves electtical and magnetic components, conventional circuit 
diagrams will be included in the descriptive series as a matter of course. The pressure gage used in the illus¬ 
trative example does not include any electtical components, so the series of diagrams does not contain a cir- 
cuit diagram. 

•• The hyphen between the diagram point-identifying numbers is conventionally used to prevent misunder¬ 
standing when the numbers have more than one digit each. When it is apparent that the identifying numbers have 
only one digit, the hyphen may be omitted. 
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that the performance symbol describes action occurring between diagram point 1 
and diagram point 2. - 

2.19. In the illustrative mathematical diagram of Fig. 2-7, the simplest pos¬ 
sible type of performance is postulated. The corresponding performance-describ¬ 
ing concept is ^tic sensitivity, which is by definition the ratio of a small change 
in the output quantity between constant levels to the corresponding small change 

in the input quantity between constant levels. The performance symbol for static 
sensitivity uses a capital S (for sensitivity) as its main symbol and the subscript 
st (for static). Other subscript symbols are added as they become necessary for 
identification purposes. The conventions for forming complete subscripts are 
considered in Chapter 10, which describes methods for representing performance- 
describing concepts that are more generalized than the concept of static sensitivity. 

SYMBOL DIAGRAM 

2.20. Discussions among engineers already thoroughly familiar with a prob¬ 
lem are facilitated by the use of symbol diagrams similar to that of Fig. 2-8 for 
the diaphragm-type pressure gage. This diagram is made up of small boxes 



Fig. 2-8. Illustrative symbol diagram for o diaphragm-type pressure gage 


connected by arrows and identified by the letter symbols for the operating com¬ 
ponents of Figs. 2-6 and 2-7. The system input and the system output are rep¬ 
resented by symbols, but all identification of intermediate physical quantities is 
eliminated. The advantage of the symbol diagram is that it is easy to draw, it is 
small, and, for many purposes of the instrument engineer, it is as effective as 
more complicated diagrams. In practice, symbol diagrams are often accom¬ 
panied by performance information tables (symbol PIT), which summarize all 
the data required to specify the actions associated with the system described by 

the diagram. Many examples that include tables of this kind appear in later 
chapters. 







CHAPTER 3 


PERFORMANCE OPERATORS AND PERFORMANCE FUNCTIONS 

FOR OPERATING SYSTEMS 

PERFORMANCE OPERATORS 

3.1. Performance-describing concepts are of primary importance for instru- 

* 

ment engineering. These concepts are used to specify the behavior of operating 
components in causing output quantities to be functions of input quantities. Many 
variations of this basic idea are required to meet the needs of particular situations. 

3.2, The most comprehensive performance-describing concept is the vector 
performance operator, illustrated in Fig. 3-1 for a single operating component 



a) Typical identified operating component 
Jou. = 

[po]^^ =: Vector Performaace Operator for the 
Identified Operating Component. 

b) Vector performance operator 

* Bars over the symbols show that the quantities represented are vectors. 

Fig. 3-1. The vector performance operator. 

The main symbol for this operator is formed by the capital letters PO, in brack¬ 
ets, and with a superscript bar , to form [ PO]. Subscripts are added to this 
symbol as required to identify the operating component with which it is associated. 
In practice, any complete operator symbol will carry additional subscripts to 
identify the input and output quantities considered. These subscripts are unneces¬ 
sary for present purposes and are omitted in order to simplify the symbols. 

3.3. The formal performance equation of Fig. 3-1 shows that the vector out- 
put quantity is equal to the result of the identified performance operator acting 
on the vector input. This equation concisely summarizes the meaning of the 
vector performance operator insofar as it is associated with the behavior of an 
operating component with vector properties. By definition, these operators 
describe not only magnitude changes but also response delay effects and 


31 




geometrical actioas in space. In general, they may have lorms that depend upon 

mathematical e.Npressions. tables, curves, or any other means lor conveying In- 

formation on performance. 


SCALAR performance OPERATORS 

3.4. The scalar performance operator represented in Fig. 3-2 is similar 

in all respects to the vector performance operator except that the operating com 

ponent involved has only scalar action on a scalar input to produce a scalar out- 

pu . he symbol for the scalar performance operator is similar to that for the 

performance operator with the superscript bar omitted. A special form 

of the performance operator is the performance function, whose properties are 
discussed in the next paragraph. 


Input Quantity 


in 


Identified 


Operating 

Output Quantity 

V If \ 

(Id) 

^out 


o) Typical identified operating component 


^out 

[po] 


= [po] 


Id *ln 


Id 


Scalar Performance Operator for the 
Identified Operating Componeot 




[PF]..q 


Id iln 


b) Scalar performance operator 


• Performance Function for the 
Identified Operating Component 

c) Performance function 


Fig. 3-2. The scolar performance operator and the performance function. 

performance operators for open-chain systems 

3.5. The action of an open chain of operating components may be represented 
by means of a single performance operator that is formed from the performance 
operators of the individual operating components. The performance operator for 
a given single component applied to the input of this component gives the corre¬ 
sponding output. Each component in the chain receives the output of the preced¬ 
ing component as its input and produces an output which is related to the input by 
e performance operator of the component. The formal process involved is 
Illustrated in symbols by Note 5 of Fig. 3-3. In general, the output from any 
chain of components can be expressed by successive applications of the corre¬ 
sponding performance operators to the result obtained by applying the operator 
of the first component to the system input. When the operators have space 
vector* proper ties, or the components have nonlinear characteristics, this 


32 



process of applying operators must be carried out with careful attention to the 
order of the components in the chain. In many situations performance operators 
do not have vector properties, but do have mathematical properties that make it 
possible for them to be combined into groupings without regard to order. If only 
scalar relationships are involved, and all the operating components are describ- 
able by linear mathematical expressions, the performance operators may often 
be combined in any order. When performance operators have this property, they 
reduce to performance functions. Figure 3-3 shows the grouping of individual 
performance operators to give the resultant operators for the subsystems and 
the system shown. All operators are identified in terms of both letters and 
numbers for operating components or systems, and also in terms of the numbers 
for the chain connection points between which the action described by the opera¬ 
tors occurs. The subscript parenthesis which associates an operator with chain 
connection points has the identification of the first point nearest the main symbol 
and the identification of the second point to the right of and separated from the 
first point identification by a hyphen. In forming the resultant operator for a 
chain of components, the individual operators are written in the order of the 
components whose action they represent. It is always necessary to recognize 
any requirements of order in the application of individual operators when the 
formal expressions are used in practice. 

PERFORMANCE OPERATORS FOR CLOSED-CHAIN SYSTEMS 

3.6. Performance operators for components grouped in closed-chain con¬ 
figurations are formed by a procedure identical with that already explained for 
open-chain systems in the discussion of Fig. 3-3. Figure 3-4 is a functional- 
mathematical diagram for a generalized closed-chain system in which all the 
operating components have characteristics that may be represented by perform¬ 
ance functions. Identifying subscripts to associate the performance functions 
with particular operating connections and chain connection points are formed 
under the conventions already described for Fig. 3-3. The physical quantities 
that serve as inputs and outputs are identified with operating components and 
chain connection points by the subscript conventions of Fig. 3-3. 

3.7. The system of Fig. 3-4 has an input receiver that responds to an input 
quantity from some source external to the system. The input receiver generates 
the input signal * as its output, which represents the input quantity and is the 
same kind of quantity as the feedback signal. The input signal and the feedback 
signal are both supplied as inputs to the input signal — feedback signal comparator. 

♦ The symbol for a signal representing a quantity is Sg in parentheses, followed by the symbol for the 
quantity that is represented by the signal. The symbol for a signal associated with an operating component for 

which it is the output is (Sg), with a subscript identifying the component but without any following symbol for a 
quantity. 


33 




If 

X- o 
*0 « 

3 3 

■8 5 

A M 

? a 

O 3 

2.-0 

3 A 

O S' 

*3 s 

5 i 

o a 

= 8 

(Q (P 


o 8 5 o 

® |. 2 S’ 9 

S|£3 <5 
■“ o • o 9 

0 3 § ” » 

f ^o *2 "S 5 

r ‘•2 2 


II 


f ° 

® .s 

M- ^ 

C9 <9 

Sa 

3 0 

fi| 

0 

3 


5 S $ 

s S-S 


o^o"82Sa?=j"3 2'a.3s‘»S 

f! UrsifWl'-li? 

5!a5‘**r&.,S 2.3 -o“'3o52 


s as^-pii 

9*oooJI«3sr2^ 

S s 3 eTj-o ag 

~a?sra|-i = r 

pSir-onaaQS 


ifi gl^il^aag 

„l“,iosas- = ^§a. 


Q.^ 

ao 

Q ^ 


9 2«"’3020 

=> a as? ! 

;• S i a c ^ a ? 

® n 1.^5 

I §5 

S-S®h ?|| 

jr-S-^S-SiSo 


23 g.^o S'*?! 

° gE S 2 -» a "* aa^ 

fgQ'—* 3 «c—:r^t 8 » 
f-JL _«65_5-crSr 


g ^ ?aa|.5. 


5 ?a 


fils 


gin 
?■< 3 


g g-q 3 -^: 2 ? a-s gji §• 


0 " a-iia a 
a ao 2 o ® g 
- ® 2 5. 3 « 


0 5 ^ J 


'* y J 0 3 ? = 


'OOr-^D « 0 i^aoi; 

ro T « a -s '*'2 o* 

S o S 3 ? 3 


0iyao«<3‘«c3p 

*1 ^ tLg.^ ^ ?ao a5 

o 2 ? 2 l^a'-.a 0303 


050 

S'aa 


?-8 
*1 3 


^ !7 n iJ 

g < CD 3 

as=.a5 


^ W MB 

G h :2 


^|SS 

sls§ 


0 3 Q 3 
<D 3 CD f; o 

a cr a 9 S ^ 9 

T> TJ 2 <2 

CD <D ^ 5 

3 3 O a H S 

&. O- ►-2 

c c ST a 

3 3 2^ r 2 o 

^ ^ (D Cf 3 H 


io 2« 

C Q s- 

?ajra 

O C t> ^ 

2 5 JD :♦ 

CD 3 ^ r 
•1 ^ <D 
0^0 

i -o 

= S 

8 -S S 
I < ’ 5 

f l-S's 

iitii 

_ Q 0 

^1 = 1 

9 D §.- 


-^11 

^ fl 3 O 

O S Q ^ 

^ ^ ^ 
2 §■ 


O s 
3 a 

CD « 


• « o 

**< Q* 

2 ® 
.3 ?2 Q 

i ® 3 2. 
-5 3 S' 

a o« “ 

^ o *<* 

G CD X 

goo® 
i p 

® g ® 9 

.“I ra 


*< 3 
w rt 

A 31 

a o 

^ 3 
i M 


•8 2 

A 2 


■i'l 

M O 
C 3 

tr (/i 

'< 2. 
« ^ 

1*8 
« 3 

® O 


® ?a ?3 

® a n ^ i. ® O 
*1 ® 2 0 0^ O 3 
6 » ^ s- ^ 2 i 

t: D 2 3 2 •< 

N 3 a a 2.3 a 

9 ^ (h D a ^ 

C3 ? ^ <D ^ 

m < ^ ^ if ri 


3 ^ Y 
0 0® 
2^25 


o g ^ 

c a ^ 

'• ►- a 


8 

3 t 

a2 

55 r* 
2.^ 

< 2. 

?a 


31 r? 


3 x3 a -• fi ^ 

Q«s ? g aa 


8i°“2o8 

o|:r< afl 

■O ® a a S’ 5 E 

? B s n § 8s 

015'3 0aa 

* O ^ ^ CD O 
iL a «< 0^ r* 

0 i *2- 

►-■0 3 S 5« 
2 : 0 *-“- 

ifhli 

® c'*' 3 S ® 


o A 


Z3 


?5 

sS 

if 

0 

C 3 
tt 0 
C 3 

a? 

3- 

yl 


' £§ 
►B « 

i ^ 

-p *0 
«» 

o ® 

’ y 2" 

a® 

<D a 

o :t 

%v 

T3 CD 


- gi 

si^i 


® 5 

• y 3 


Mi 

?■ 0 
aijo 
S. 

30 'i? 

^ i Q 

s§l 

I 83 

“r-S 

^ *1 

?9Jr 


SI 


^ ^ ® 

l^®a 

3 ® ^ <D 
T ^ ^ m 


A 5* X CD 

55 S^g 

8 - ? 

3^! 

■o ® a 
o *1 a 

3 ^ 

® 2 - 
a 3.® 

- ® B 
O -’ *- 
0^3 

^ ^ o 
3^3 
O < O 
fD 

o-E 

? S'? 

8 ° 

•t ^ 

2 ^ 

8 ® 

0 

S® 

2 a 

43 

I® 

T -0 
O -o 

fr 

^ o 
0 

a« 


CD c 

3 - a 

• 5 * J 3 
3 C 
^ Q 

2 ? 














The comparator operates to take the algebraic difference between the input signal 
and the feedback signal and to produce the feedback correction signal, which rep¬ 
resents the change in the feedback signal required to make it identical with the 
input signal. The feedback correction signal is represented by the symbol(Sg) 

(for signal), placed after the symbol C (for correction) enclosed in parentheses 
and carrying the subscript (fb) to show that the correction is for the feedback 
signal. The feedback correction signal is the input for the output signal correc- 
tion generating system. The output from this component is the output signal cor- 
rection signal, represented by a signal symbol followed by a bracket containing 
the correction symbol (C) (indicating a correction for the quantity whose symbol 
follows the closing parenthesis) before the symbol for the output signal. The 
output signal generating system receives the output signal correction signal and 
produces two outputs. The direct chain output is the output signal that goes to the 
output generating system, which produces the output quantity from the over-all 
system. The feedback chain output from the output signal generating system is 
the output feedback signal, which acts as the actuating input for the feedback sig¬ 
nal ^enerat^ sj[ste^. The output from this system is the feedback signal that 
has already been noted as one of the two inputs for the input signal — feedback 
signal comparator. In Fig. 3-4, the feedback signal generating system is shown 
as receiving an indefinite number of modifying inputs that affect the feedback 
signal. 

3.8. The over-all action of the system of Fig. 3-4 is to produce an output that 
varies as some function of the actuating input quantity and the modifying inputs. 

The closed-chain organization for a system has a number of operating advantages 
over an open-chain system designed to accomplish like results. In particular, a 
closed-chain system affords a much closer control of the relationship between an 
output quantity and a group of input quantities than is generally possible with 
operating components of given performance organized in an open-chain arrangement. 

3.9. Equations (1) to (7) in Fig. 3-4 give expressions for the outputs from in¬ 
dividual operating components in terms of their inputs. Equations (9) to (14) of 
this figure are the expressions for various quantities associated with operation of 
the system in terms of the actuating input. Equations (15) to (22) are the per¬ 
formance functions that describe the action of certain combinations of operating 
components in establishing relationships between quantities at specified chain 
connection points of the system. For example, the feedback correction signal - 
output quantity performance function describes the action of the system in estab¬ 
lishing the relationship between the feedback correction signal and the output when 
the feedback chain is complete as shown in Eq. (17), Fig. 3-4. This performance 
function is specified by two subscripts to the main symbol (PF). The first sub¬ 
script is written as (c-o), in- which the first symbol is identified with the chain 
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Fig. 3-4. Performance characteristics of a generalized system in terms of performance functions 

for open-chain ancJ closed-chain operation. 





box 


r „r T , ‘ associated with the feedback coc 

e »> mbol that follows the hyphen after the c of tbe first subscript 

oarenlheses is o lor the square box o of Fig. 3-4, located at the system output 

F. ,.o.,„g ,he oha.n connection point identifying subscript parentheses, a second 
!■-. script consisting of the letters cc can be used to show that the identified per- 

fcrniance operator describes the behavior of the system when the feedback chain 

Closed, as shouTi in Fig. 3-4. 


feedback correction-output closed-chain performance functions 

3.10. For the purposes of analysis, design and experimental test, it is use- 
lul to define an open-chain performance function (Eq. (18) of Fig. 3-4) corre¬ 
sponding to the fee^ sig^ - o^ quantity closed- chain performance func- 
non (Eq. (20) of Fig. 3-4). This open-chain performance function describes the 
action of the system of Fig. 3-4 when the functional chain is broken at the output 
0 the feedback signal generating system. In general, the open-chain performance 
function describes the action of the system when the functional chain is broken at 
the output of the component which produces the quantity identified by the symbol 
m the Cham connection point subscript nearest the main symbol (see Eq. (18) of 
Fig. 3-4). The symbol for the performance function representing the action of 
this combination of components is identical with that for the corresponding closed- 
chain situation except that the second subscript is (oc), to suggest the words 
open Cham." instead of the subscript (cc), which is intended to suggest "closed 
Cham. Equations (15) to (22) of Fig. 3-4 give a number of the open- and closed- 
chain performance functions that act between various chain connection points of 
this figure. For reference purposes, relationships among the various perform¬ 
ance functions are also given in this group of equations. In practice, performance 
functions may be expressed in many ways. The particular form to be selected for 
any given situation must depend upon a considerable background of knowledge and 
experience. A discussion of the possible ways of writing performance functions 
is not required for present purposes, which are concerned only with the general 
procedure used to form performance functions for generalized combinations of 
operating components. The various methods for representing performance func¬ 
tions by mathematical expressions are given in detail in later chapters. 
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CHAPTER 4 


STATIC AND DYNAMIC OPERATING CONDITIONS; 

STATIC SENSITIVITY 

STATIC CONDITIONS AND STATIC SENSITIVITY 

4.1. Operating components establish relationships between input and output 
quantities that, in general, depend upon the way in which the quantities involved 
are changing with time. This means that performance operators and perform¬ 
ance functions are not fixed for a given operating component, but are influenced 
by the rapidity of input and output variations. 

4.2. Static conditions exist for operating components when the input and out¬ 
put quantities are both constant. In this situation, the scalar performance opera¬ 
tor and the performance function both reduce to the static sensitivity, which by 
definition is the ratio of a small change between constant output levels to the 
corresponding small change between constant input levels. This definition is il¬ 
lustrated by the plots of Fig. 4-1 for the special case of an operating component 
having constant static sensitivity. Under this assumption, the expression for 
static sensitivity reduces to the simple ratio of the output to the input. The sec¬ 
tion of the plots in Figs. 4-la and 4-lb between t = 0 and t = t^ illustrates typical 
static conditions with both the input and output levels constant. The plot of Fig. 4-lb 
gives the static sensitivity as the ratio of the output to the input. In the plot of 
Fig. 4-la, the output and input quantities vary with time between t = tj and t = tg. 
The plot of Fig. 4-lb shows that the static sensitivity was unchanged by the input 
and output variations. Whenever conditions of this type exist, in which the input- 
output relationship is unchanged from the static sensitivity when the quantities 
involved are changing with time, the operating component is working under quasi- 
static conditions. In the plots of Fig. 4-1, the input-output ratio, which is equiva¬ 
lent to the static sensitivity, is shown as constant not only during the static condi¬ 
tion intervals between 0 and tj, tg and tg, and after t^, but also during the intervals 
tj to tg, and tg to t^. This means that the variations of Fig. 4-la all fall within 
static and quasi-static conditions for the operating components considered. 

COMPLETE SYMBOLS FOR PERFORMANCE-DESCRIBING CONCEPTS 

4.3. Static sensitivity is shown in Fig. 4-1 as a completely specified per¬ 
formance-describing concept. Previous definitions have carried identification 
for the operating component concerned, but did not include any specification of 
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quQsi-static conditions. Definition of static sensitivity. 
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the input and output quantities considered. This specification is provided by add¬ 
ing the input-output bracket to the other subscripts of the symbol for a perform¬ 
ance-describing concept. The use of the input-output bracket and other sub¬ 
scripts for static sensitivity is illustrated and explained in Fig. 4-1. 


DYNAMIC CONDITIONS 

4.4. Figure 4-2 illustrates the application of the sensitivity concept to situa¬ 
tions in which the ratio of the output to the input differs from the static sensitivity 
during a period of input and output changes. The concept may be extended to 



a) Input and output variations under static and dynamic conditions 




b) Input-output sensitivity under static and dynamic conditions 

Fig. 4-2. Illustrative input and output variations for an operating component under static 

and dynamic conditions. 
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given amplifier might be one hundred. Gain may also have dimensions in the 
sense that an amplifier might operate with a voltage input — current output gain 
of one milliampere per volt. In this book the capital letter G is used as the main 
symbol for gain, and is in all ways equivalent to the concept of sensitivity with the 
main symbol S. The system of identifying and specifying subscripts developed 
for association with the sensitivity symbol S is applied without modification to the 
symbol G when this letter serves as the main symbol for gain. This same sym¬ 
bol, G, may be used to represent gradient when it is desired to use this term for 
the sensitivity concept. Similarly, the main symbol (SF) suggests scale factor 
when this term is used. 
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CHAPTER 5 


static performance 


description of static performance 

51, For the purpose of instruraeut euglneerlng it is desirable to establish 
ncep s, procedures and conventions for describing the static performance of 
era ,„g components and systems. Any satisfactory method orlrTng “t 

simpie calcuiations. information by direct inspection and very 

regions' 0t‘‘siL'fal7'‘ ""‘T"' »' ‘-'■'“"■-n' systems that their 

ons of satisfactory operation are bounded by regions of unsatisfactory opera- 
lion. In any given case the regions of satisfactory and unsatisfactory operaZ 

able Brd'efin'iT '"(1"”" ISiSl ratio, as a dimensionless vari¬ 

able, B> definition this quantity is the ratio of the level of a properly chosen innut 

:i:z: zz *: •“=-- RittZ Vor 

r. , . ■ the pressure gage of Fig. 2-2 might be de- 

fined in terms the input pressure to the gage, with a pressure leveToTZ en. 

or some other convenient number of pressure units within the region of satlsfac 

tory operation taken as the reference. For some regions of large pressure level 

arbItrlrurimZl' 1 ““' interferences among parts, 

bitrarily imposed stops, or actual failures of mechanical components. 

high input limit of operation 


5.3. When the pressure level ratio Increases, but before gage operation 
smv'tvZr inPE! - HdexiSiLb outpulj^tlo (i.e., the static sen 

IV ty) will generally deviate from the value considered as satisfactory. This 

nil “ll h" ’’i' °''»lnndlng. or saturation, of the gage mecha¬ 

nism. the pressure level is increased beyond the overloading region until the 

in ex no longer responds, the gage enters the high input nonoperating region. 

LOW INPUT LIMIT OF OPERATION 


5 . 4 . Decrease of the pressure level ratio for the pressure gage from the 

— gP^^^ting region allows the gage to perform properly 
until the pressure level ratio reaches the interference level region. Within the 
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interference level region effects due to the pressure input become so small that 
they are comparable to interference effects caused by bearing friction, binding of 
mechanical parts, etc. This means that the index position is no longer controlled 
by the pressure input alone, but also by effects inside the mechanism, so that the 
static sensitivity will deviate from its value in the operating region. As the pres¬ 
sure level ratio decreases from the interference zone limit, the index will no 
longer respond to changes of the input pressure. When this occurs, the gage is 

inoperative. Pressure level changes too small to cause index motions define the 
low input nonoperating region. 

PERFORMANCE RATIO 

5.5. The concept of operating level ratio provides a means for identifying the 
regions associated with the operation of any component or system. It remains to 
define a concept for describing behavior under static conditions as the operating 
level ratio changes from the interference region through the operating region to 
the overloading region. To be useful in all situations this concept should be 
based on a direct comparison of the actual static performance for any given 
operating level ratio with that static performance considered as satisfactory with¬ 
out regard for the quantities involved or the levels at which operation is examined. 
These characteristics are provided by the performance ratio, which is defined 

for a given operating level as the ratio of a number representing the performance 
actually existing to a number that represents an arbitrarily selected reference 
performance. For example, if static sensitivity is chosen as the performance¬ 
describing quantity, the static sensitivity performance ratio for any given operat¬ 
ing level is the ratio of the actual static sensitivity to a selected reference static 
sensitivity . In practice this reference static sensitivity would be chosen as the 
ideal operating region static sensitivity for the component or system under con¬ 
sideration. In many cases this ideal static sensitivity will be constant, while in 
other cases it will vary in some way with the operating level ratio. The concept 
of performance ratio applies to all situations, no matter how the reference sen¬ 
sitivity is chosen. In general there are no hard-and-fast rules that can be used 
in choosing this reference beyond the principle that it should allow an effective 
description in simple numbers of the performance characteristics for the system 
under consideration. 

5.6. The main symbol for performance ratio is (PR) followed by a first sub¬ 
script identifying the operating component or system with which the performance 
ratio is associated, and a second subscript showing the performance-describing 
concept used in forming the performance ratio. These conventions are illus¬ 
trated in Fig. 5-1. 
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performance ratio curves 
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F*g. 5-1. Typicol linear scale plots of static sensitivity performance ratio and 

performance rotio deviotion. 

variations in performance. This means that the zero-to-unity performance ratio 
scale should be included in performance plots. However, with a scale of this kind, 
small-magnitude variations of the performance ratio cannot be accurately read 
from the curve, so that auxiliary plots must be provided to show this information. 
Small magnitude variations may be satisfactorily exhibited by plots of the per¬ 
f ormance r^ jgy^ation, which is by definition equal to the performance ratio 
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minus unity. Because in practice deviations of this kind are usually much smaller 
than the performance ratio, it is possible to place a greatly expanded deviation 
scale in the space used for the zero-to-unity range for the performance ratio. 

For convenience, the zero deviation axis is often made coincident with the unity 
axis of the performance ratio plot, and the deviation scale is chosen to have one, 
one-tenth, one-hundredth, etc., of one unit in the distance assigned to one unit of 
the performance ratio scale. When these conventions are used, deviation plots in 
effect "put a microscope" on variations in the performance ratio, while leaving 
the operating level scale unchanged. The symbol for performance ratio devia¬ 
tions is a capital D (for deviation), in parentheses, placed before the complete 
symbol for performance ratio. 

5.8. Figure 5-1 shows typical static performance-describing plots with 
linear scales for the operating level ratio abscissa and the performance ratio and 
performance ratio deviation ordinates. In this figure the symbols are formed in 
accordance with the conventions outlined above, with the component identification 
and the input-output bracket subscripts containing generalized symbols. Complete 
names and defining equations for various symbols are given in the figure. The 
reference sensitivity has been selected as a constant for the curve of Fig. 5-1. 

The value of this constant was chosen to substantially match the level of the static 
sensitivity within the operating region for the operating component considered. 

The full-line curve shows that the performance ratio is effectively unity in the 
operating region. The operating level ratio for the lower boundary of the operat¬ 
ing region is determined by the point at which the performance ratio shows a 
marked variation from its operating region value. This boundary is marked by a 
dashed line in Fig. 5-1, and is shown as the upper boundary for the interference 
region. No departure of the performance ratio curve from unity to determine the 
lower boundary for the saturation (overloading) region is detectable in Fig. 5-1. 

On the other hand the performance ratio deviation curve shown by the thin dashed 
line in Fig. 5-1, which is plotted with one-hundredth of a unit given the same space 
as one-tenth of a unit of the performance ratio curve, does show the beginning of a 
departure from operating region performance at an operating level ratio of about 
1.3. The convention has been adopted here of using a full-line curve when refer¬ 
ring to coordinates on the left side of the plot, and a dashed-line curve when re¬ 
ferring to coordinates on the right side of the plot, 

TOLERANCE LIMITS 

5.9. Any definition of the operating region must be based on tolerance limits 
arbitrarily set by the performance requirements for the operating component 
being described. For the illustrative plots of Fig. 5-1, the dashed line showing 
the lower and upper limits for the operating zone are set at the operating level 
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ratios for which the performance ratio deviation has reached a value of minus 

0.0025. It is obvious that the operating region will vary as the performance ratio 
deviation tolerance limits are changed. 

LOGARITHMIC SCALE PERFORMANCE RATIO PLOTS 

5.10. The plots of Fig. 5-1 are not generally satisfactory for describing per¬ 
formance in the high and low operating level regions, because of the very small 
abscissa distance available between zero and the interference region limit and 
the difficulty of showing high operating level ratio values when a great range of 
this level intervenes before the overloading region is reached. For these reasons 
linear scale plots do not lend themselves well to determinations of operating 


Interference 



q 

operating Level Ratio (OLR) = ^ - 

^(In)ref 

Fig. 5-2. Typical semi-logarithmic plots of static sensitivity performance ratio and performance 

ratio deviation. 
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regions. Any change of the linear operating level scale that does not introduce 
discontinuous breaks for the purpose of showing more’detail outside the operating 
region would require a considerable compression of the abscissa scale. In prac¬ 
tice this compression might be helpful at high operating levels but would make the 
situation worse for low operating levels, 

5.11. The linear scale difficulty in the interpretation of performance ratio 
curves may be avoided by employing a logarithmic scale* for the operating level 
ratio. To illustrate the results of this change of scales, the curves of Fig. 5-1 
are replotted in Fig. 5-2 with the same ordinate scales but with the scale for the 
operating level ratio changed from linear to logarithmic. Inspection of Fig. 5-2 
shows that the operating region is compressed in distance along the abscissa 
scale as compared with the corresponding distance in Fig. 5-1, while the inter¬ 
ference region and the overloading region both have a corresponding expansion. 

In Fig. 5-2 the performance ratio deviation is plainly shown for both high and low 
operating level ratios. To emphasize this point, the tolerance limits for the 
operating region are assumed to be set at minus 2 percent in Fig. 5-2, as com¬ 
pared with minus 1/4 percent in Fig. 5-1. The effect of this change in tolerance 
is to change the lower operating region limit from 0.048 for the 1/4-percent 
tolerance to 0.018 for the 2-percent tolerance. The corresponding change in the 
upper operating region limit is an increase from 1.3 to 2,5. This example serves 
to illustrate the importance of performance ratio tolerance specifications in de¬ 
termining the magnitude of the operating region in terms of the operating level 
ratio. 

VARIABLE REFERENCE SENSITIVITY 

5.12. Situations may arise that make it desirable to use a variable reference 
sensitivity for describing static performance. An example of this type is de¬ 
scribed here not only to show the features of a variable reference performance 
ratio plot but also to demonstrate the development of performance equations for a 
typical instrument system, and the use of log-log coordinates for the presentation 
of static performance information. The system chosen for the example is a pitot- 
static airspeed meter using a pressure gage similar to that described in Fig. 2-2 
for the airspeed indicating head. In order to simplify the discussion, the effect 

of compressibility** on the pitot-static head output is neglected in the derivation of 
the performance equations. This omission would reduce the accuracy of results 
for practical application of the equations but does not interfere with a demonstration 


* U is imponaof to note chat logacithms may be associated with pure numbers only. This means that all 
variables plotted on logarithmic coordinates must be reduced to dimensionless ratios. 

** The effect of compressibility on the output of the pitot'Static head is discussed in texts on aerodynam¬ 
ics; see, for example. Chapter 2, Hijth-Speed Aerodynamics , by ft. f. Hilton (22). 
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of the method. The steps of this method are described in Fig. 5-3, Performance 
Summary 5-1, Derivation Summary 5-1, and Fig. 5-4. Figure 5-3 describes the 
essential physical features of the pitot-static airspeed meter and outlines the 
performance characteristics for the operating components of the meter. These 
characteristics are given in Fig. 5-3c under the names of the components as sub¬ 
headings. The letter combinations associated with the component names in the 
diagrams of Figs. 5-3a and 5-3b are also placed in the subheadings. 

5.13. In Fig. 5-3c it is shown that the pitot-static head (symbol (psh)) pro¬ 
duces a pressure difference. This pressure difference is the airspeed pressure 
(symbol p with a subscript v) which is proportional to one-half the product of the 
air density and the square* of the airspeed of the pitot-static head (symbol v with 
subscript (psh)). The airspeed meter mechanism receives the airspeed pressure 
and produces the airspeed index angle (symbol A with subscript ai). In Fig. 5-3c 
the performance of the meter mechanism is represented by the airspeed meter 
mechanism pressure - angle sensitivity (symbol S with identifying subscid^ 
(amm) and input-output bracket containing p for pressure separated from A for 
angle). This form does not mean that the sensitivity is constant, but it does 
imply that attention will be restricted to situations for which time delay effects 
due to the mechanism are negligible, so that static and quasi-static conditions 
are considered. The function of the scale in Fig. 5-3c is to relate the airspeed 

to the indicated airspeed . This action is completely described by 
the ai rspeed scale angle - airspeed sensitivity (symbol S for sensitivity, sub¬ 
script (as) for airspeed scale, and with A and v in the input-output bracket). 

DESIGN PERFORMANCE SUMMARY FOR AIRSPEED METER 

5.14. The function of a design performance summary is to supply the essen¬ 
tial information on the design specifications and the design performance charac¬ 
teristics for the complete system and its essential components. Design Perform¬ 
ance Summary 5-1 supplies this information for the pitot-static airspeed meter 
of Fig. 5-3. Section (a) of Design Performance Summary 5-1 includes a symbol 
functional diagram for the meter and a tabulation of performance characteristics 
for the operating components. Section (b) of Design Performance Summary 5-1 
summarizes the essential design specifications for the airspeed meter. In prac¬ 
tice, these specifications would be given with more details than are given in De¬ 
sign Performance Summary 5-lb, which omits all tolerance information. Toler¬ 
ances and other details are not essential for the demonstration of the perform¬ 
ance-describing procedure under discussion, and are omitted in the interest of 
brevity. The b asic performance specification of Design Performance Summary 

This relationship is modified by a series of correction terms if compressibility effects are considered. 

See, The Elements of Aerofoil and Airscrew Theory by Glauett (19). 
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a) Schematic diagram of pitot’Static airspeed meter 
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b) Fur)ctiono/ diagram for pitohstatic airspeed meter 
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c) Characteristics for operating componenfs of pitot-static airspeed meter 

Fig. 5-3. Diagrams and operating data for pitot-static airspeed meter. 


5-lb is that the indicated airspeed must be equal to the pitot-static head airspeed when 
the air density has a particular calibration value. This means that the meter reading 
will always be incorrect when the air density differs from the calibration density. 

5.15. For present purposes the important design specification is that the 
indicated airspeed scale must be uniformly divided so that the airspeed index 
makes one complete revolution for each* 100 miles per hour change in airspeed. 


* lo practice, this requirement would not be applied for airspeeds less than about 50 miles per hour, because 
flight by craft capable of high speed is not ordinarily possible below 5 O miles per hour. From the standpoint of 
the mechanism, a stop would be used to eliminate index positions below 50 miles per hour. 
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Tins implies that the meter mechanism would be designed to permit more than one 
completerevolution of the index by means of features not shown in Fig. 5-3a. The 

absence of these features in the diagram is not important for the present discussion, 

which is concerned only with the method for describing meter performance. 

ideal airspeed meter performance 

D.16. Under the design specifications of Design Performance Summary 5-lb, 

an _ide^l ^rspeed meter would produce airspeed readings equal to the pitot-static 

head airspeed under calibration conditions, i.e., when the air density is equal to 

the calibration air density. This performance must be achieved in spite of the 

fact that the airspeed pressure, which is the output pressure from the pitot-static 

head, is proportional to the square of the pitot-static head airspeed. In order to 

have index angle increments directly proportional to airspeed increments, the 

mechanism of an ideal meter must have a sensitivity that varies properly with 
the pressure input. 

5.17, Equation (4) of Design Performance Summary 5-lb is the airspeed 
meter performance equation based on the component performance information 
listed in Design Performance Summary 5-la. Equation (5) of this summary is 
similar to Eq. (4), except that the airspeed pressure - airspeed relationship of 
Eq. (1) is used to replace one of the airspeed symbols by an expression involving 
the airspeed pressure and the calibration air density. In order for the indicated 
airspeed to be equal to the pitot-static head airspeed, it is necessary for the ex¬ 
pression in the square bracket of Eq. (5) to be made unity by design of the meter. 
Under the assumption of constant scale sensitivity, as required by the design re¬ 
quirement of a uniformly divided scale, and with calibration conditions existing, 

Eq. (6) of the summary is an expression for the pressure — angle sensitivity of the 
ideal airspeed meter. This expression shows that the ideal mechanism sensitivity 
must be inversely proportional to the square root of the calibration air density, 
inversely proportional to the airspeed scale sensitivity (which is constant by speci¬ 
fication), and inversely proportional to the square root of the airspeed pressure, 

ILLUSTRATIVE AIRSPEED METER PERFORMANCE RATIO 

5.18. In describing the performance of an actual airspeed meter intended to 
meet the performance specifications of Design Performance Summary 5-lb, it is 
logical to select ideal performance as the standard of comparison. Because the 
pitot-static head performance is directly controlled by a law of nature, while the 
scale sensitivity is fixed by design specification, the only component of the air¬ 
speed meter available for achieving design specifications is the meter mechanism. 
The essential characteristic of the meter mechanism is its pressure-angle 
sensitivity. 
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approximation that is valid only for airspeed ranqes in 
hich compressibility effects are negligible. The procedure illustrated here 
applies without modification if the general airspeed equation is used. 
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a) Airspeed meter component characteristics 


( 1 ) 


( 2 ) 


(3) 


^ind) %sh) P(air) " P(air)(calib) " 0.0012255 gram per cm^ 

(within tolerance limits) 

One complete revolution of the index must correspond to 100 miles per hour change in the 
indicated airspeed with uniform scale divisions; i.e., 


^(as)[A;v] = constant = 


1 


360 3.6 


raph per degree 


Tolerance limits are not concerned in the present discussion and for this reason are not 
specified here. 


b) Design specifications 

Under calibration conditions (i.e., = P(aif)(calib)^ airspeed meter performance 

equation is 

'^(ind) “ ^^(as)[A;v]^(amm)[p;A]^'^ ^(air)(calib)'^(psh) 

Operation of the pitot-static head relates to so that the airspeed meter performance 

equation may be written 


Vd) = [^(as)[A;v]5(amm)[p;A]^-^i^i£|^^ ^]\psh) 


(4) 


(5) 


Because is the input for the airspeed meter mechanism, it is possible to make S, ^ )[p*A] 
a function of positions of parts in the mechanism, which in turn are fixed by the index position 
Ajai)- 1° any satisfactory meter A^^i) depends upon p^, so A] “ay be considered 

as dependent on p^. When calibration conditions exist, an ideal airspeed meter will operate 
so diat 


^(ind) “ ^(psh) 


This result is achieved if the airspeed meter mechanism performance equation has the form 


(amm)[p;A](ideal) ^ 


1 



1 


(as)[A;v] Y ^(air)(calib) ^\fP 


( 6 ) 


c) Mechanism performance equations 


Design Performance Summary 5-1. Performance equations for a uniform scale airspeed meter. 
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I 


^■19. The importance of the pressure - angle mechanism sensitivity in the 
performance of the illustrative airspeed meter suggests that a performance ratio 
lor the meter be formed on the basis of this quantity. In order for the perform¬ 
ance ratio to be substantially unity in the region of satisfactory operation, the 
reference sensitivity must be chosen as equal to the ideal mechanism sensitivity 
Because this ideal sensitivity is not constant, but must be a function of the input 
pressure to the meter mechanism, it is necessary to use a variable reference 
sensitivity in forming the performance ratio. When this requirement is accepted 
the reference sensitivity will be a function of the airspeed pressure, so it is 
logical to define the pressure level ratio as the ratio of mechanism input pressure 

o a selected constant pressure, and to use this ratio as the operating level ratio 
in making performance ratio plots. 


garithmic scale perforaunce ratio plots with variable reference sensitivity 

5.20. Variable reference sensitivities may in certain cases be represented 
by simple curves if log-log coordinates rather than linear coordinates are used 
This property is an advantage for logarithmic scales over and above the range exten¬ 
sion characteristic already discussed in connection with Fig. 5-2. Derivation 

Summary 5-1 outlines the background for forming dimensionless ratios suitable for 

use in describing the performance of the airspeed meter shown in Fig. 5-3. 

5.21. Equation (1) of Derivation Summary 5-1 is formed when the airspeed 

meter mechanism performance equation (6) of Design Performance Summary 5-1 is 

both multiplied and divided by an arbitrarily chosen constant reference airspeed 
pressure. The resulting form of the equation shows that the ideal pressure - 
angle sensitivity is equal to a constant multiplied by the reciprocal of the square 

root of the pressure level ratio. By definition the pressure level ratio is equal to the 

ratio of the airspeed pressure to the reference airspeed pressure. Under this defi¬ 
nition the constant multiplying factor for the pressure level term in the expression 
for the ideal mechanism sensitivity is just the ideal mechanism sensitivity when 
the pressure level ratio is unity. Using this sensitivity as the reference leads to the 
expression of Eq. (4) of Derivation Summary 5-1 for the airspeed meter mecha¬ 
nism pressure - angle ideal sensitivity - reference sensitivity ratio . Equation (5) 
of Derivation Summary 5-1 shows that the ideal sensitivity - reference sensitivity 

ratio is equal to the pressure level ratio raised to the minus one-half power. This re¬ 
lationship would be a curve on a plot with linear scales but is a straight line with a 
slope of minus one-half when plotted logarithmically. Equation (6) similarly de¬ 
fines the mechanism sensitivity - reference sensitivity ratio as the ratio of the 
mechanism sensitivity to the ideal reference sensitivity of Eq. (3). 

5.22. Equation (7) of Derivation Summary 5-1 defines the airspeed meter 
mechan ism pressure — angle sensitivity performance ratio as the ratio between 


9 
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Multiply and divide the atrspeed otetet ^echani.u, petfonnance equation by p , a reference atrspeed 
pressure taken as constant at an arbitrar>- level. This gives '^v(ref) P 


Define 


s 


(amm)[p;A](ideal) “ j 


1 



1 


(as)[A;V] f P(air)(calib) j/p 


v(ref) L 


v(ref) 




PLR =_?. 


v(reO 


= Pressure level ratio 


^(amin)[p;A](ideal)[PLR = l] “ j ^ 


(as)[A;V] 


' P(air)(cali 


1 


b) 




ref) 


S 


^-^ "“)lP;A](ideal) 


(ainm)[p;A](ideal)[PLR = l] 


= Airspeed meter mechanism pressure— angle 
ideal sensitivity — reference sensitivity ratio 

t5(RS)Rl,3..,[p,= (PLR)-'-. 


[S(RS)R] 


S 


(amm)[p;A] 


s 


(amm)[p;A] 


(amm)[p;A](ideal)[PLR = l] 


a) Definitions of mechanism sensitivity and sensitivityreference sensifiv/fy ratio 

(PR). .r- 1 = _.VmiD)[p;A] 

^ammllSf i] c 

^(amm)[p;A)(ref) 


s 


(amm )[p;A](ref) 


= Airspeed meter mechanism pressure 
angle sensitivity performance ratio 

Airspeed meter mechanism pressure — 
angle reference sensitivity 


( 1 ) 


( 2 ) 


(3) 


(4) 


(5) 


( 6 ) 


(7) 


This reference sensitivity may be constant or varying in an arbitrary way. It is generally chosen for convenience 
in the representation of the operating system under consideration. For the present case choose 


^(«min)[p;Al(fef) “ ^(ainm)[p; A](ideal) 


( 8 ) 


From Eqs. (6), (7) and (8) 


(PR) r 1 - (^(^*^i(,nin.)[p;A] 

Taking logarithms of both sides of Eq. (9) and rearranging terms 

lo9[S(RS)R](ao.ai)[p;A] = '®9 t^*^^)^l(.mm)[p;A](ideal) + '“9 (^^^ani,n)[S[^,^]] 


or 


(9) 


( 10 ) 


log(PR)(,„„,)[sj^,^j] = log i5(RS)R](,„„,)[p.^] - log [S(RS)R](3„,„)[p.A](ij^3i) 

b) Derivation of the performance ratio equation with the ideal sensitivity taken as the reference sensf/ivify 


(11) 


Derivation Summary 5-1. Performance ratio equation for airspeed meter mechani 


sm. 
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the actual sensitivity (represented by the sensitivity symbol already described 
with the subscript (ideal) omitted) and the ideal sensitivity. 

5.23. Equation (9) of Derivation Summary 5-1 shows that the mechanism 
performance ratio is equal to the ratio of the sensitivity - reference sensitivity 
ratio to the ideal sensitivity - reference sensitivity ratio. Equation (10) of Deri- 

vation Summary 5-1 gives the corresponding logarithmic form of this relationship, 

which shows that the logarithm of the actual sensitivity - reference sensitivity’ 
ratio is equal to the logarithm of the ideal sensitivity - reference sensitivity 

ratio plus the logarithm of the performance ratio. Equation (11) of Derivation Sum¬ 
mary 5-1 shows this equation solved for the logarithm of the performance ratio. 

SYSTEMS OF LOGARITHMIC COORDINATES 

5.24. Figure 5-4 shows the relationships of Derivation Summary 5-1 plotted 
with logarithmic scales on an illustrative performance-describing plot* for the 

airspeed meterof Fig. 5-3. The field of the plot itself is divided logarithmically for 

both the ordinate and abscissa scales. Outside of the field, lines are placed with 
twenty uniform divisions for one logarithmic cycle. These uniform divisions may be 

used to demonstrate the three systems of commonly-used logarithmic coordinates: 

1) One cycle of logarithms to the base 10 is one logarithmic ratio 
u^ — (symbolloru). A loru abscissa scale is shown in Fig. 5-4. 

2) One cycle of logarithms to the base 10 is twenty decibels - 
(symbol db). A decibel ordinate scale appears in Fig. 5-4, 
outside the loru scale. 

* 

3) Three tenths (approximately) of one loru (6 db) is equal to one 

which is a logarithmic system with 2 as the base. An 
abscissa scale divided into octaves is placed below the loru scale. 

5.25. Each of the four scale unit systems shown in Fig. 5-4 is in common 
use. In practice it is unimportant which system is employed in a given situation 
so long as the proper conversions are used between systems. 

PERFORMANCE RATIO AND PERFORMANCE RATIO DEVIATION PLOTS ON LOGARITHMIC COORDINATES 

5.26. In Fig. 5-4 the ideal sensitivity — reference sensitivity ratio is shown 
as a heavy dashed straight line sloping downward to the right with a slope of 
minus one-half. This line passes the unity ordinate level on the direct scale for 
a pressure level ratio of unity, i.e., at the point the input pressure for the 
mechanism becomes equal to the reference pressure. In order to interpret per¬ 
formance plots similar to those of Fig. 5-4, it is only necessary to specify the 

The information plotted in Fig. 5"4 does not represent typical performance for any specific airspeed 
meter. It is arbitrarily chosen for demonstration purposes without regard to whether or not it describes achievable 
performance. 
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ot Derivation Summary 5-1 aU the potab f “Passed In Eq. ( 11 ) 
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Z o. The sL, “e essential 

u ■ .- ormance of an operating component may be summarized in 
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socaled ttdormallon on definitions and reference quantities. ' 

the ‘"P'PPP'P" eieP" Pbove ot the procedure tor representing 
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ZZtZ 7 H “P ‘P "P‘ -P‘PP be- 

caime tl has produced a model tor demonstratlitg concept and procedures that 
may be used in many situations. In practice, static performance may be repre- 
sented vety simp y by a single performance devtallon curve, or It may include 

in Fie TTd o' °I ‘P'bPPiPllon like that contained 

n F,g. 5-3 Design Perlormance Summary 5-1, and Derivation Summary 5-1. 

engineer's good 

judgment based on his knowledge of any given situation. 
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CHAPTER 6 


DYNAMIC PERFORMANCE 


DYNAMIC CONDITIONS: THE FORCING FUNCTION 

6.1. Dynamic conditions for a given operating component or system occur 
when the relationship between the input and the output is different from the rela¬ 
tionship that would exist under static or quasi-static conditions for the same com¬ 
ponent or system. Under this definition it is logical in any particular situation to 
use the output variation that would occur if dynamic effects were absent, that is, 
to use the quasi-static output variation, as the reference level for describing the 
effects of operating system* performance on the actual output. Because quasi¬ 
static output variations correspond directly to the input changes that force the 
actual output changes, the quasi-static output is also called the forcing output. 
When the forcing output is described in mathematical terms, or by graphical 
means, the represented variation with time is the output forcing function or, 
where no misunderstanding is possible, the forcing function . The output varia¬ 
tion corresponding to the output forcing function is the output response , or the 
response, of an operating system. The input change corresponding to the output 
forcing function is the input forcing function . 

DYKAMIC ERROR AND DYNAMIC CORRECTION 

6.2. In Fig. 6-1 the dashed line shows a possible quasi-static output variation 
for an operating conaponent. The full-line curve in the same figure represents 
the corresponding output response. For a typical time instant, t, the dynamic 
error is the difference between the output response level at t, and the forcing 
function point for the same instant. This definition means that the dynamic cor¬ 
rection at t, which is defined as the negative of the error, is added algebraically 
to the response point in order to find the corresponding forcing function point. 


DYNAMIC RESPONSE DELAY 

6.3. Under dynamic conditions the output response level at any instant may 
be equal to the output forcing function level at some other instant of time. By 
definition the dynamic response delay is the time difference between the instant 

• The words ^'operating system” will be generally used to include both operating components and operat¬ 
ing systems. This is logical in that a component is essentiaUy a system with a single part. 
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a given output response level exists and some instant at which the output for 
function has this Ipvpi ^ output forcing 

Fig. 6-1. 11 is i„ h , ^ response delay is Illustrated in 

e noted that the response delay is positive when a eiven o. i 

levTrxhrrs' rr “■•<=“611 this'’" 

negative of the' iyld^ — SS^£SS!^. "Mch is by definition the 
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A neqotive dynamic error means 
that the response point is lower 
than the correspondinq forcinq 
function point. 


Dynamic Response Delay at t 

(DRD) = t, - t ‘ 

h * (Urd)t, 

Note 

fh ‘■®sponse deloy meons 

that the response point occurs 
aterin time than the correspondinq 
forcing function point. 


ou t 


(drd)t 


Time c 


Fig. 6-1. Output response under dynamic conditi 


onSi 


SPECIAL CASES OF RESPONSE DELAY AND DYNAMIC ERROR 

Illustrated by the curves of Fig. 6-2. The dashed Hue represents the output forc- 
ng function. The corresponding output response is shown by the full-llne curve. 
The forcing function is assumed to start at an Initial level lor the instant chosen 
for time equal to sero. The Imtlal response level is aliiTmed to be above the 

intltallorcngfuncHonlevel. Asthelorclngfunctionundergoes a changewtth the 

general shape of a half sinusoid, the response Is first ■ahead-because of the Initial 
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condition chosen, then ’lags" behind until the forcing function peak is approached, 

when it "overshoots," and finally lags again for a time interval near the right- 
hand side of the figure. 

6.5. At a typical point, t^ in the first "lagging" interval of Fig. 6-2, the 
dynamic error is negative and the dynamic response delay is positive. At t 2 , 
during the overshoot period, the dynamic error is positive when the response is 
actually above the forcing function. Because the forcing function never actually 
reaches the response level during part of the overshoot interval, the concept of 



Fig. 6-2. Dynamic error and response delay in an oscillatory response to a forcing function of general 

shape. 

dynamic response delay is without meaning in this region and cannot be given for 
the time instant t 2 . In Fig. 6-2 a ’leading" interval follows the overshoot interval. 
At tg in this period the dynamic error is positive, and the dynamic response delay 
is also positive. At the typical point t^ of the second lagging interval the dynamic 
error is negative, while the dynamic response delay is also negative. 

6.6. The four regions of Fig. 6-2 illustrate several typical situations that 
may occur under dynamic conditions, and show how the essential information 
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associjited with output response 
dynamic response delay. These 
that are discussed later. 


may be expressed in terms of dynamic error and 
concepts will be applied many times in examples 


CONTINUOUS AND DISCONTINUOUS FORCING FUNCTION 

6.7. For theoretical purposes, forcing function 
two classes: 


CHANGES 

changes 


may be divided into 


( 1 ) 


( 2 ) 


Contin^s changes _ in which the forcing function has a single 
value and a single time rate of change at each in.stant. 

I^HiEontirro changes - in which the level of the forcing func¬ 
tion changes instantaneously so that it has two values, or two 
rates of change, at the same in.stant of time. 


rom thcatandpointolphysical lads, dlsronllnuous variatloas arc not possible in 

nature. Howcer. any forcine tunctlon change that takes place so rapidly that It Is 
completed betorcany slgniricam output response change canoccur (alls eKedlvely 
in o the class o( discontinuous changes (or the operating system considered. 



Fig. 6-3. 


Transient dynamic error and forced dynamic error. 






STEADY-STATE CONDITIONS 


6.8. In Fig. 6-3 a first continuous change in the output forcing function is 
followed by a discontinuity and then by a second continuous change region. During 
the first continuous change region the response differs from the forcing function 
by the forced dynamic error. Because this is an unchanging condition so long as 
the forcing function undergoes only continuous changes, the time interval during 
which it exists is a steady - state interval . At time equal to t^ in the figure, the 
forcing function changes instantaneously from one level to another. This change 
is discontinuous in that two levels of the forcing function exist at the same in¬ 
stant. Because it is impossible for any actual operating component to respond 
instantaneously at the initial instant, the forcing function jumps ahead of the 
actual output by the amount of the discontinuous change. After the initial instant 
the output response immediately starts to approach the continuous forcing func¬ 
tion that follows the discontinuity. 

TRANSIENT CONDITIONS 

6.9. During the interval from the discontinuity until the output becomes iden¬ 
tical with the forced output response , transient conditions exist. For the purpose 
of this definition, the forced output response to a given forcing function is the 
response that exists when a very long time interval has elapsed after the occur¬ 
rence of a discontinuity,* In the diagram of Fig. 6-3 the corresponding transient 
interval is the time required for the initial transient dynamic error to become 
substantially equal to the forced dynamic error for the second continuous change 
condition. The transient dynamic error may be considered to be the sum of the 
forced dynamic error and the transient error . The transient error exists be¬ 
cause of the discontinuity of the forcing function. The forced dynamic error is 
that which would appear if there were no discontinuity. For practical purposes 
the length of the transient interval depends upon the tolerance limit associated 
with the interpretation of the word ’'substantially.'’ A solution for this problem is 
given in the discussion of Fig. 6-8. 


TRANSIENT STABILITY AND TRANSIENT INSTABILITY 

6.10. In practice it is possible for operating system outputs to move away 
from, rather than to approach, the forced response after a forcing function dis¬ 
continuity has occurred. A system which causes its output to approach the forced 
response as its equilibrium condition after a forcing function discontinuity has 
transient stability . A system which causes its output to diverge from the forced 
response after a forcing function discontinuity has transient instability . Response 
curves illustrating transient stability and transient instability for a discontinuous 

* Transieot response and forced response are difficult to define without recourse to mathematical equations. 
These definitions are discussed in Vol. U. 
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Fig. 6*5. Stability an(J instability for arbitrary forcing function changes. 
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forcing function change between constant levels are given in Fig. 6-4. Because 
of the similarity of the forcing function change to a step, the curves of Fig. 6-4 
are step function transients . Any output response curve that approaches the 
constant forcing function level represents transient stability. This is illustrated 
by the first, second, third, and fourth output response curves of Fig. 6-4. The 
fifth, sixth, and seventh output response curves move away from the output 
forcing function level and for this reason illustrate transient instability. 

6.11. The concepts of transient stability and transient instability apply not 
only to step functions but also to discontinuities followed by any arbitrary con¬ 
tinuous forcing function changes. The first and second output response curves 
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Hunting exists if the actual output response oscillates either smoothly 
or erratically about the forced output response. 

Hunting stability exists if the actual output response oscillates either 
smoothly or erratically about the forced output response within a hunt¬ 
ing zone with specified tolerance limits. 

Hunting Instability for a given hunting zone tolerance exists if the 
actual output response oscillates either smoothly or erratically about 
the forced output response and does not remain within the given hunt¬ 
ing zone. 

Time t —► 


Fig. 6-6. Hunting stability ond hunting instability. 


of Fig. 6-5 illustrate transient stability as they change from an initial transient 
error to the forced dynamic error for the assumed forcing function. The third 
output response curve of Fig. 6-5 illustrates transient instability because its 
dynamic error diverges from the forced dynamic error as time goes on. 


HUNTING STABILITY AND HUNTING INSTABILITY 

6.12. Many operating systems are subject to a form of instability that does 
not fall into the pattern of transient instability. Instability of this kind exists 
when the output response does not leave the vicinity of the forced output response 
but hunts more or less erratically about the forced response. The criterion for 
distinguishing between hunting stability and hunting instability may be a hunting 
zone tolerance bounded by an upper hunting zone limit and a lower hunting zone 
limit , A hunting zone tolerance is illustrated in Fig. 6-6, with a stable hunting 
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output response curve shown as remaining within the hunting zone tolerance and 

an unstable hunting output response which is outside the hunting zone tolerance 
during a substantial part of its path. 

SMOOTHING 

6.13. In practice the output forcing function itself may include an erratic 
component in addition to a general trend. Figure 6-7a shows an output forcing 
function of this type with an output forcing function roughness superimposed 
on the smoothed output forcing function. The smoothed output response of 
Fig. 6-7a is the forced response corresponding to the smoothed output forcing 
function. The output response roughness is the component corresponding to the 
output forcing function roughness . When the situation shown in Fig. 6“7a exists, 
with the average magnitude of the output response roughness less than the aver¬ 
age magnitude of the output forcing function roughness, the operating system 
concerned has positive smoothing . Figure 6-7b illustrates the action of a system 
with zero smoothing , which operates to give an average output response rough¬ 
ness magnitude equal to the average magnitude of the output forcing function 
roughness. When the action of an operating system is to produce an average out¬ 
put roughness magnitude greater than the average magnitude of the forcing func¬ 
tion roughness, the system has negative smoothing . This situation is illustrated 
in Fig. 6-7c. 

6.14. Various methods of describing the smoothing behavior of an operating 
system are possible. In general, numbers are chosen to represent smoothing 
that are negative for negative smoothing, zero for zero smoothing, and positive 
for positive smoothing. Several methods for describing the smoothing action of 
an operating system are discussed in later chapters. 

RESPONSE TIME 

6.15. In practice it is convenient to describe one phase of transient perform¬ 
ance in terms of response time . This concept is defined in Fig. 6-8 as the time 
interval required for the output response to change from an arbitrary Initial 
dynamic error to a substantial coincidence with the forced output response. For 
purposes of the response time definition, substantial coincidence is taken to mean 
a zone centered about the forced output response and with a width equal to twice 
five percent of the difference between the initial dynamic error and the Initial 
forced dynamic error. The magnitude of this zone is chosen so small that it 
represents substantial completion of transients, while it is still large enough for 
the slope of the output response to permit satisfactory measurements of response 
time. When the operating system under discussion is designed for measurement 
purposes, response time is commonly called indication time . If the system 
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Note: 

By definition, response time is the time interval required for the output 

response to change from an arbitrary initial dynamic error to a dynamic 

located on either side of the forced output response 

« 5% of the difference between the initial dynamic error and the initial 
forced dynamic error* 

Response time is a general term applying to all operating systems. 

Indicating time is identical with response time if the operating system 
IS a measuring system. 

Solution time is identical with response time if the operating system is 
a computer. 


Time t 


Fig. 6-8. Definition of response time. 

considered is a computer of some type, it is usual to define solution time as 
being identical with response time. 

6.16, Many concepts in addition to those defined above are required to de- 
scribe the dynamic performance of operating systems. These concepts will ap¬ 
pear as they are required for the theoretical developments and problem solutions 
of this book. 



CHAPTER 7 


DERIVATION OF PERFORMANCE EQUATIONS 

PERFORMANCE EQUATIONS 

7.1. Performance-describing concepts like those defined and discussed in the 
foregoing chapters are necessary for the specification, analysis, design, adjust¬ 
ment, testing, and inspection phases of instrument engineering. In all work of 
this kind it is of primary importance to stress the quantitative aspect of the prob¬ 
lems involved by reducing all performance descriptions to numerical data. When 
the equipment under consideration exists as a physical item, it is possible to 
associate numbers with performance-describing concepts by actual measure¬ 
ments. This procedure is not available during the design phases of a development, 
so that estimates of performance must be based on theoretical considerations; 
and, in any case, effective engineering always requires that experimental infor¬ 
mation be considered as part of an information pattern based on theoretical 
analysis. The first step in any theoretical study is to set up performance equa- 
tions for the operating systems involved. With these equations available as 
mathematical forms, the output response corresponding to any given input varia¬ 
tion may be found by the procedures of analysis. The performance-describing 
concepts defined in earlier chapters, and other concepts that will appear in later 
discussions, are all directly or indirectly associated with performance equations. 
This means that the performance equation occupies a position of primary im¬ 
portance in the problems of instrument engineering. 

7.2. Performance equations are expressions that describe the essential 
physical actions associated with operating systems. These equations are usually 
derived by summing the components of some physical quantity associated with a 
part or parts of the operating system under consideration. For example, the 
performance equation for the force measuring scale of Fig. 1-6 would be formed 
by writing an equation for the torque components that act on the scale beam. 

DERIVATION OF PERFORMANCE EQUATION FOR GYROSCOPIC RATE-OF-TURN INDICATOR 

7.3. The problem of forming the performance equation for any given operat¬ 
ing system often imposes special demands on the judgment and background knowl¬ 
edge of the engineer concerned. However, the derivation of equations of this type 
usually follows a reasonably well-defined pattern that may be illustrated by an 
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example. The gyroscopic rate-of-turn indicator is chosen as an example because 
an effective performance equation derivation for this instrument must use certain 
background information not usually known by individuals who may wish to under 
stand the discussion. Situations of this type are so common in engineering that it 
IS worth while to use the rate-of-turn indicator instead of a simpler example for 
emonstrating the steps of a performance equation derivation. In addition to its 
value as an illustrative derivation, the rate-of-turn indicator treatment provides 
information on the performance of a widely-used instrument. 
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used in aircraft and In this opplicolion 
ore colled "flote-of-Turn Indicotors." 


CIMBAL ELASTIC RESTRAIRT 
{ger) 

IHOICATIM STSTEH 

(is) 


.ClilBAL DAMPER 
(gd) 


^«EX 
(i) 


SCALE 

(S) 



Fig. 7-1. Pictorial diagram for o gyroscopic single-axis angular.velocity indicator. 
MECHANICAL FEATURES OF GYROSCOPIC SINGLE-AXIS ANGULAR VELOCITY INDICATOR 

7.4. The gyroscopic rate-of-turn indicator is functionally a gyroscopic 
single-axis (single-degree -of -freedom) angular velocity indicator. * Figure7-1 
is a cutaway mechanical diagram for a gyroscopic single-axis angular velocity 
indicator. The case of the unit supports the gyro gimbal on bearings which 


• TheiDstrumeocis called an angular velocity indicator because under steady-state conditions the position 
of its index is associated with the angular velocity input to the instrument. Ihe "single-axis** designation 
means that it is sensitive to angular velocity about a single axis only. 
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permit rotation about an axis fixed to the case. The gimbal carries the gyro rotor, 
which is free to rotate with respect to the gimbal about the gyro rotor spin axis. Gyro 
rotor drive buckets are provided on the outer surface of the rotor, which receives a 
peripheral force from the gyro drive air jet. Thegimbal elastic restraintacts toim- 
pose a torque on the gimbal when it has an angular deflection from its position of zero 
angular velocity equilibrium with respect to the case. The gimbal dampe r applies a 
torque to the gimbal that resists rotation with respect to the case by a torque that has 
a magnitude proportional to the magnitude of the gimbal angular velocity. The 
indicating system is a lever arrangement that causes the gimbal angular displace¬ 
ment to give a corresponding angular displacement to the index. The scale is 
placedbehind the index to translate index deflections into angular velocity readings. 


QTRO UNIT 



Fig. 7-2. Line schematic diagram for a gyroscopic single-axis angular velocity indicator 


LINE SCHEMATIC DIAGRAM OF GYROSCOPIC SINGLE-AXIS 
ANGULAR VELOCITY INDICATOR 


7.5. Figure 7-2 is a line schematic diagram for the instrument of Fig. 7-1. 
Because of its simplicity, the line schematic diagram is well adapted to convey 
information on special conventions and definitions required for the description of 
performance for the system represented. Advantage is taken of this fact in Fig. 7-2, 
which defines the gimbal deflection angle and the index angle. The index angle is 
measured from the index reference position, which is the position occupied by 
the index when it is on scale zero. The gimbal deflection angle is measured from 
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the^ refers which is fixed to the case, to the ^ axis, which is fixed 
to the ginibal along the axis about which the rotor spins. The output axis is de¬ 
fined as Identical with the axis about which the gimbal rotates with r^ct to the 

nrtc'r\ ;_x__• r v i-iiC 


input 


axis. 


- --— iCAcitJiice 

The positive directions of these three axes are indicated on Fig. 7-2 by 
arrowheads on the dashed lines representing the axes themselves. 

°'agram of gyroscopic single-axis 

angular velocity indicator 

7.6. Figure 7-3 is a line schematic - functional diagram for the instrument 
of Fig. 7-1. In this diagram, the various operating components are shown with 
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Fig. 7-3. Line schematic-functional diagram for a gyroscopic single-axis angulor velocity indicator. 

only enough detail for easy identification, and are enclosed in dashed-line boxes 

connected by arrows representing the physical quantities that are transferred 

between components. In this figure the input quantity that acts on the gyroscopic 

sys^ is the ^ angular velocity. This quantity is by definition the angular 
velocity of the gyro unit case about the input axis. 

7.7. The output from the indicator is the angular velocity scale reading or 
the indicated angular velocity. The gimbal elastic restraint receives the gimbal 
deflection and applies the gimbal elastic restraint torque to the gimbal. The 

damper receives the gimbal angular velocity and applies the gimbal 
damper ^rque to the gimbal. In operation, rotation of the case about the input 
axis causes the gyro rotor to apply a torque to the gimbal about the output axis 
that tends to turn the spin axis into the input axis. This tendency is balanced by 
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the spring under steady-state conditions, and the indicating system causes the 
index to take up an angle that depends upon the input angular velocity. 

FUNCTIONAL DIAGRAM OF A GYROSCOPIC SINGLE-AXIS ANGULAR VELOCITY INDICATOR 

7.8. Figure 7-4 is a functional diagram for the instrument of Fig. 7-1. This 
diagram conveys essentially the same information as the diagram of Fig. 7-3, but 
is much easier to draw because it contains only rectangular boxes. To facilitate 
discussions of system operation based on Fig. 7-4, functional names are added 
to the descriptive names of the pictorial and line schematic diagrams. For 



Heovy lines show rigid mechanical connections 
Intermediote lines show "power level" connections 
- Light lines show signal level connections 



Fig. 7-4. Functional diagram for a gyroscopic single-axis angular velocity indicator. 

example, in Fig. 7-4, the gyro gimbal is called the torque summing member be¬ 
cause this member receives applied torque components from the gyroscopic sys¬ 
tem, the gimbal elastic restraint, and the gimbal damper, and under static con¬ 
ditions balances these components to a zero resultant in the fashion of any rigid 
body. In Fig. 7-4, heavy full lines are shown connecting the components that are 
rigidly attached together. An arrowhead on one of these heavy lines shows that 
the mechanical position* and orientation* of the component at the arrowhead are 
determined by the component at the originating end of the arrow. In contrast to 
the rigid connections, medium-weight lines show power-level connections** 

• Position implies the location of a point within a body; orientation implies the angular position of a body 
with respect to established reference coordinates. 

•• This use of the term power level connection is not strictly in accordance with good practice. Ordinarily, 
the "power” level in any system is that used for positioning relatively heavy members for some purpose other 

than the simple transfer of information. 
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Scopic system and applies a reaction torqne back on this system. ^ 

SYMBOLS FOR DESIGNATING ORIENTATION 

In ‘he orientation of the case to the gyroscopic system 

a symbols, orientation is represented by an upper-case lett^ o. X ree 

Single bar^tLrre^LrVytbrioTthVo:^^^^^^^ 

the output 

gyro unit case by the subscript (ca)(gu)(OA); that is, (ca) for case 

sfoni orientation symbol for the giro- 

axis il ^mooi^^r^rri angular motion about a single 

the .1 ‘tot over the bar indicates that the time rate of change of 

(caitguUIAHd^^'rf^'^^r °^‘®"tation is the quantity represented. The subscript 
(ca)(gu)(IA) Identifies the axis about which the rotation occurs as the input axis 

^ e ^gyro^unit case. For convenience this rotation is called the input angular 

and IS given the main symbol W, as the nearest English e'^i^iiT^he 

G eek symbol omega, which is conventionally used to represent angular velocity 

inDut'al''T!h the 

input axis of the gyro unit. 

VECTOR INTERPRETATION OF GYROSCOPIC ACTION 

r„.or’'*‘’h' I"' “"“u “epei'is on the action of a spinning 

rotor which responds to an applied torque as required by Newton's law of dynamics 

or routing bodies. For engineering purposes, the important aspecte of this 
dynamical theory are most useful when expressed by means of vectors and de¬ 
veloped by the conventions of vector analysis. For this reason, a short review of 

hose elements of vector analysis necessary to an undersUndlng of the present 
treatment is given here. 
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VECTOR CONVENTIONS FOR LINEAR QUANTITIES 

7.11. Vector analysis offers a general method for dealing with physical 
quantities, such as forces and linear velocities, which have both magnitude and 
direction.* In any particular case, a quantity of this nature may be represented 
by a vector. A vector is a directed segment of a straight line and is usually rep¬ 
resented by an arrow. The arrow has a length proportional to the magnitude of 
the quantity and a sense, or direction, with some convention-defined relationship 
to the directional property of the quantity. This sense is indicated by the direc¬ 
tion of the arrowhead. Physical quantities which have only magnitude instead of 
both magnitude and direction are called scalars. 


ADDITION AND SUBTRACTION OF VECTORS 


7.12. Vectors that can be properly drawn from a common reference point may 


be added according to the parallelogram law illustrated in Fig. 7-5a. Toaddtwogiven 


z 





VECTOR SUM Si'S IS DIAGONAL 
OF PARALLELOGRAM OF WHICH 
A AND 5 ARE ADJACENT StOES 

TO SUeTRACT B FROM 5 
ADO - a TO A 


a) Addition of vectors 


n* SCALAR , S . VECTOR- 
THE PRODUCT oS: 

1) HAS SAME DIRECTION AS A 

2) HAS LENGTH n TIMES THE LENGTH 

OF A 

3) n HAS ALGEBRAIC SIGN AND SO 
MAY REVERSE SENSE OF nZ AS COMPARED 
TO A 


XyZ —RIGHT-HAND RECTANGULAR AXIS SYSTEM 
I — UNIT VECTOR ALONG + DIRECTION OF X AXIS 

I - UNIT VECTOR ALONG * DIRECTION OF y AXIS 

h— UNIT VECTOR ALONG -t- DIRECTION Of Z AXIS 

IN COMPONENT FORM 

A«iA,+ jA,+ hAj 


b) Muifiplicafion of a vector 
by a scalar 


c) Representotion of a vector in terms 
of rectongu/or components 


Fig. 7-5. Addition, multiplication of vectors by scalars and vector resolution into 

rectangular components. 

vectors, it is only necessary to place the tail of one vector at the arrowhead of the other 
vector and draw the resultant vector , which is the sum of the two given vectors, 
from the tail of the first vector to the head of the second vector. This procedure 
can be continued to find the sum of any number of vectors in any arbitrary order. 


* Only a small part of the branch of mathematics known as vector analysis is required for present purposes. 
Many treatments of vector analysis have been published; see, for example, Coffin (12) and Phillips (29). 
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7.13. Vector subtraction Is Identical «tth vector addition, except that the 
direction of the vector to be subtracted is reversed, i.e., 

A - B = A + (-B) 

multiplication of a vector by a scalar 

7^14. Figure 7-5b illustrates the multiplication ol a vector by a scalar Such 
a product IS a vector having the same direction as the original vector, but *tth 
Its length multiplied by the magnitude o( the scalar. The scalar may Lave an 

a gebraic sign, and so reverse the sense ot the original vector, but the direction 

Will always remain unchanged. 

REPRESEMTATiOK OF VECTORS IN TERMS OF RECTANGULAR COMPONENTS 

the ’ PfoiRdtlona on a system ot 

as an x”axTs a ‘a to specify these axes 

S chosen to form a sy s tem. That is. It a vector that is along the posi- 

ve tree ion of the x-axis is turned toward a vector along the positive direction 

of the y-axis, the rotation will be rtght-hand about a vector along the positive 

direction of the z-axis, 

lenvth’!' '’>■ I-“‘•'iRR) aw uoed to represent vectors of unit 

the! r® f y. R-RFRE. respectively. Using 

these unit vectors, any arbitrary vector can be written tn terms of Its componente 

along a given right-hand system of rectangular axes as 

A = iA^.jA^. kA^ 

where A^, A , and A^ are the magnitudes (with the proper algebraic signs) of the 

projections of the vector A along the x-, y-, and z-axes, respectively. Figure 7-5c 

1 lustrates coordinates for representing a vector in terms of components. The 

a 1 ion or subtraction of vectors expressed in terms of rectangular components 

can be earned out directly by the addition or subtraction of the corresponding 
components. Thus, 

A + B = i(A^ + B; + j(A^ + B^ + k(A^ + BJ 

SCALAR PRODUCT OF TWO VECTORS 

7.17. Two types of vector multiplication are important in elementary vector 
analysis. In one type, the product of two vectors is a scalar, and for this reason 
IS called the ^alar product, or ^ product . The result of the other type of mul¬ 
tiplication leads to a vector that is called the vector product, or cross product. 


76 



7.18. The scalar product of two vectors is the magnitude of one vector mul¬ 
tiplied by the magnitude of the projection of the second vector on the first vector. 
Figure 7-6a illustrates the general nature of the scalar product of two vectors 
and gives the scalar product relationships in terms of rectangular coordinates. 

VECTOR PRODUCT OF TWO VECTORS 

7.19. The vector product of two given vectors is a vector perpendicular to 
the plane determined by the given vectors. Its magnitude is equal to the product 
of the magnitudes of the given vectors multiplied by the sine of the smaller angle 
between them. The positive sense of the product vector is determined by the 


0) GENERAL OEfINITION 
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< AS COS 
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0) GENERAL DEFINITION 



The VECTOR PRODUCT OF TWO VECTORS tS WRITTEN AsB AND IS 6T 
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Right-hand RULE(i.e,THE positive sense of AiB is given by rotating a 
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a) Scalar or dot product 
of two vectors 
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i i k 

A, AyA, 

B, ByB, 


of two vectors 


Fig. 7-6. Products of two vectors. 


application of the right-hand rule, as illustrated in Fig. 7-6b. This figure also 
gives the cross product of two vectors in terms of rectangular components. It is 
important to note that an interchange in the order of the vectors in a cross product 


reverses the sign of the product. 

7.20. The triple cross product of three vectors, in the form A x (B x C), can 
be resolved into the following expression that is frequently -iseful in operating with 

vector quantities: 

A X (B X C) = B{A • C) - C(A • B) 
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the gyroscopic element 


1.21. Figure 7-7 gives a summary of the definitions and conventions that ar 
Of primary importance tor the theory of gyroscopic action. Figure 7.8a is a in 
schematic diagram showing the essentia, teatures ot the g^c element 
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d) Vector representation for the angular mon,entum of a spinning rotor 

Fig. 7-7. Victor representation of rotational 


quontitios. 


78 


Gyro Element 
Output Axis 

(OA), 

' (ge)— 
(Fixed to Case) 


Gyroscopic Element 

(ge)——• 


Gyro Element 
Output Torque 

M. , 

(ge) 


Unit Vector 
Along Output Axis 

''^(OAKge) 


Direction of Spin 


%>in 

Reference Axis 

(SRA)(,„ 

(Fixed to case) 

Gyro Element 
Spin Axis 


Unit Vector 
Along Input Axis 

^lAKge) 


Angular Velocity 
Input 

"^(lA) ^ 

Gyro Element 
Input Axis 

('A)(ge, 

(Fixed to case) 


Unit Vector 
Along 
^in Axis 

^SAXge) 


Gyro Element Case 

(ca)(ge) 


o) Line schematic diagram of a single-axis gyroscopic element 
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= Gyroscopic element performance operator 
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X 1 
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!• See Derivation Summary 7^1 for derivation of this operate. 

2: This form for the operator depends on the assumption that the angle between (SR A) 


and negligibly small 


By assumption H = ^ ^ CONSTANT, i.e., = H = CONSTANT 


By vector conventions of Fig. 7-5 _ 

'^(lA) = )(IA)(ge)'*^(IA)^ 


**(ge)(OA) - ^OA)(ge)**(ge)(OA) 


b) Functional diagram of a sing/e-ox/s gyroscopic element 


Fig. 7-8. Performance characteristics of a single-axis gyroscopic element. 
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which IS a mathematical entity representing the dynamic action nf a 
rotor in terms ol a simple angular momentum veetor without recce 

proper,les that are not associated with .he spinning motion“e “"bis 
functional diagram representing the essential performance charTcterisr 1 

ilraToCrelly ^ 


In general, by Newton’s Dynamical Law for Rotation 

dH 


'I 

dt , change of angular momentum 


dt 


= M 


(app) 
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(app) “ Torque applied to the gyroscopic element 


I _ with respect to inertial space 

3 t), fi ® 

If the torque applied to the gyroscopic element M i i ^ l 

ment to external restraints; i.e. M ^ M replaced by the torque applied by the gyroscopic elc- 

(ge)(oiJt) - "'(app) 

^Cge)(out) “ “ X H = H X 

case about the input axis (lA)^ wtfle rjTjLZ^l" 

*'- ■ = H, X W.1 


(ge)(ouc) 


= H[T 


(SRAXge) ^ "(IA)(ge) 


so that 


(SRA)(ge) 




1 Th h t ^t^SRA)(ge) X ( )1 

J.‘ squJrtrrr i i«• 

vT'.:trotr.t'.°TH: r%-e„t 

°n -P- ^unu„ wUH vecot prt.et.les 

Derivoti on Summery 7-1. Deri votion of vector performo nee operotor for a single-oxis gyroscopic element. 


P rpendicular to both the input axis and the spin axis. This three-dimensional 
space situation is not describable in terms of scalar quantities, but requires the 
use of vector concepts that may be formally represented by a vector performance 
operator. As shown in Fig. 7-8b, the basic symbol for this operator is formed 
y the capital letters PO with an overline, or superscript bar, and enclosed in 
square brackets. The operator symbol is identified with the component whose 
behavior it describes by means of subscripts. In Fig. 7-8b, this subscript is (ge) 
to show that the operator is associated with the gyroscopic element. 
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DERIVATION SUMMARY FOR A SlNGLE-DEGREE-OF-FREEDOM GYROSCOPIC ELEMENT 

7.22. Derivation Summary 7-1 illustrates a generally useful method for out¬ 
lining the theory behind the performance operator associated with a given operat¬ 
ing component. A derivation summary is not intended to present a complete 
treatise on the theory of an operating component, but should give enough informa¬ 
tion to recall the details of a once-familiar analysis or to reduce the time and 
effort required for a qualified engineer using standard references to understand 
the theoretical background for the behavior of a given device. 

7.23. Derivation Summary 7-1 shows Newton's dynamical law for rotation 
expressed in vector terms. The basic principle is that the time rate of change of 
angular momentum with respect to inertial space is equal to the applied torque. 
When the body with which the angular momentum is associated is symmetrical 
about an axis, when it rotates about this axis of symmetry with a relatively high 
angular velocity of spin, and when the body has only very small angular velocity 
components about axes at right angles to the spin axis, the essential dynamical 
action may be represented in terms of a single vector. When this situation 
exists, the rotating body has the performance characteristics of the gyroscopic 
element. In order for a spinning rotor to be describable as a gyroscopic element, 
it must have its spin angular velocity maintained at a constant magnitude. This 
means that the vector representing the gyroscopic element has a constant length. 
As a consequence, a vector of this kind can change with respect to time only by 
changing its direction. 


GYROSCOPIC ANGULAR MOMENTUM 

7.24, In Derivation Summary 7-1, the time rate of change of the gyroscopic 
element angular momentum vector must be associated with a change of direc¬ 
tion that in physical terms is simply an angular velocity of the vector. When 


the applied torque is represented by a vector under the convention of Fig, 7-7c, 
and the angular velocity of the angular momentum vector is represented under 
the convention of Fig. 7-7b, Newton's law for rotation is expressed by the 
equality of the applied torque vector to the cross product of the angular velocity 
of the angular momentum vector and the angular momentum vector itself. This 
representation shows that when the angular momentum magnitude is constant, the 
applied torque vector, the angular momentum vector, and the angular velocity of 
the angular momentum vector are mutually at right angles to each other. The 
physical situation described by the gyroscopic element performance equation is 
that the angular momentum vector rotates toward the applied torque vector. In 
effect, the angular momentum component turns so that it increases its projection 
on the applied torque vector at a rate that is proportional to the magnitude of the 
applied torque. 



7.25. Engineering applications of gyroscopic theory are often conveniently 
discussed in terms of the torque applied by a spinning rotor to restraints that act 
on the mechanical system supporting the rotor. In Derivation Summary 7-1 the 
torque applied by the gyroscopic element to its restraints has a magnitude equal 
to the magnitude of the applied torque, while its direction is opposite to that of 
the applied torque. Because this torque applied by the gyroscopic element to its 
restraints has the nature of an output from the element, it is useful to identify 
the torque as the gyroscopic element output tor^ In Derivation Summary 7-1 
this quantity is given the main symbol M, with a superscript bar to show its 
vector nature and with the subscripts (ge) for gyroscopic element and (out) to 
identify the torque as the output from the gyroscopic element. The mathematical 
equation for the gyroscopic element output torque is identical with that for the 

applied torque, except that the reversed sign is obtained by interchanging the 
angular velocity and angular momentum symbols. 

VECTOR PERFORMANCE OPERATOR FOR THE GYROSCOPIC ELEMENT 

7.26. The vector performance operator for the gyroscopic element is formed 
by placing the unit vector for the angular momentum vector and an open pair of 
parentheses with a superscript bar within the performance operator bracket. 

This form is shown in Derivation Summary 7-1, which also indicates how the 
operator relates the output torque to an angular velocity input. 

SCALAR PERFORMANCE EQUATION FOR THE GYROSCOPIC ELEMENT 

7.27. The development of Derivation Summary 7-1 justifies the performance 
operator forms of Fig. 7-8b. The diagram of Fig. 7-8a defines the concepts re¬ 
quired to describe the behavior of a single-degree-of-freedom gyroscopic ele¬ 
ment. In this figure, the angular momentum vector is assumed to be along the 
spin axis, which is at right angles to the output axis. The input axis is fixed to 
the case at right angles to the output axis. The spin reference axis is fixed to 
the case at right angles to both the output axis and the input axis. When the case 
of the single-degree-of-freedom gyroscopic element is forced to have an angular 
velocity about the input axis, the angular momentum vector tends to turn toward 
alignment with the angular velocity input axis. The torque corresponding to this 
tendency is the output torque from the gyroscopic element. The functional dia¬ 
gram of Fig. 7-8b shows that the actuating input for the gfyroscopic.element is 
the angular velocity of the case about the input axis and that the corresponding 
output is the torque from the element acting about the output axis. The per¬ 
formance operator given in Fig. 7-8b describes the situation in which the spin 
axis is coincident with the spin reference axis and shows that the magnitude of 
the output torque is equal to the magnitude of the input axis angular velocity 
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multiplied by the magnitude of the gyroscopic element angular momentum. This 

scalar performance equation carries with it algebraic signs for all the quantities 

involved. These signs are all associated with the definitions and rotational senses 
of Fig. 7-8 by the vector conventions of Fig. 7-7. 


PERFORMANCE CHARACTERISTICS FOR GIMBAL 
AND TORQUE SUMMING MEMBER 


elastic restraint, GIMBAL 


DAMPER, 


7.28. Figures 7-9, 7-10, and 7-11 summarize performance information on 
the gimbal elastic restraint, the gimbal damper, and the torque summing member 
respectively, of the gyroscopic single-degree-of-freedom angular velocity indica¬ 
tor of Fig. 7-1. The components represented by these figures are all so simple 
that the diagrams given are self-explanatory and require no special comment 
here. When this desirable situation exists all the necessary information on the 

performance of the components that form an operating system may be read 
directly from simple diagrams. 


THE PERFORMANCE EQUATION DIAGRAM 


7.29. Figure 7-12 illustrates the performance equation diagram for sum¬ 
marizing the essential performance information associated with an operating 
system. Individual operating components are represented by rectangular 
boxes labeled only by the identifying symbols for the components. Inputs and 
outputs are shown by arrows, with the outputs related to the corresponding in¬ 
puts by equations taken from the performance diagrams for individual operating 
components. In many situations, it is useful to combine a group of operating 


components into a subsystem which acts as a simple link in the over-all system 
chain. In Fig. 7-12 the gyroscopic element, the torque summing member, the 
gimbal damper, and the gimbal elastic restraint are grouped together by a 
dashed-line box, which is identified as the angular velocity receiving system. 

The performance equation for this system is formed by combining the perform¬ 
ance equations for the individual operating components, and is placed inside the 
dashed-line box. 

7.30. In Fig. 7-12 the angular velocity receiving system receives the angu¬ 
lar velocity of the indicator case about its input axis and generates the gimbal 
deflection angle. The performance equation for the system shows that the input- 
output relationship involved is not a simple ratio, but depends upon the deflection 
angle of the torque summing member (the gyro gimbal) and the first and second 


time derivatives of this angle. The gimbal deflection angle is received by the 
indicating system, which produces the index angle as its output. The output fron 
the complete indicator is the indicated angular velocity, which is the angular 
velocity reading that corresponds to the index position with respect to the scale. 
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Fig. 7-9. Performance diagram for gimbal elastic restraint. 


Gimbal Damper 

(gd) 


Gimbal Damper Input ^®“P" 

Angular Velocity (gd) 


(gd) 


[PO] 




01 


Gimbal Damper 
Output Torque 

(gd) 


Gimbal Damper Input 
Angular Velocity 

A 

^(gd) 


a) Line schematic diagram of gimbal damp< 


(gd) 


^ “C 


(gd)^(gd) 


^(gd) ~ Damping coefficient 
b) Functional diagram for gimbal damper 


Fig, 7-10. Performance diagram for gimbol damper. 
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Fig. 7-11. Performance diagram for torque summing member. 





7.31. The over-all performance equation expressed solely in terms of the 

input and output quantities of the complete indicator is formed from the angular 

velocity receiving system performance function modified by the indicating system 
and scale sensitivities. 

7.32. The performance equation derivation for the angular velocity indicator 
illustrates one way of summarizing in quantitative form the essential information 
for an operating system. No hard and fast rules exist for presentations of this 
kind, so that in any given case the essential data may be given by diagrams dif¬ 
fering considerably from those discussed above, and the performance may be 
described by other means than a performance equation like that in Fig. 7-12. 
However for engineering purposes, whatever the method of data presentation 
used in any particular case, the information represented should include at least 
all the facts summarized in the series of diagrams and the differential equation 
described for the gyroscopic angular velocity indicator. 



^mm Ihf OUtput OHS 

Fig. 7-12. Performance equation diagram for a gyroscopic single-axis angular velocity indicator. 

GENERALIZED PERFORMANCE EQUATION FORM 

7.33. Performance equations for operating systems of all kinds may be made 
to fall into a pattern of which that for the gyroscopic single-axis angular velocity 
indicator is typical. The basic mathematical form for these equations expresses 
the fact that a sum of terms involving an output quantity is equal to a sum of 
terms involving some input quantity. Each of the output terras involves the first 
power of a derivative of some order of the output with respect to time. With the 
possible exception of a constant term, each input contains the first power of a 
derivative of some order of the input with respect to time. In general, coefficients 
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appear as positive multipliers for the derivative terms. The complete group of 

these coefficients contains the essential information on the performance of the 

system associated with the equation. The basic features of a typical perform¬ 
ance equation are illustrated in the form 




+ 0 

o 




(7-1) 


In any particular case, the terms of Eq. (7-1) may represent approximations to 
the actual physical facts. For example, a mechanical spring like that described 
as the elastic restraint for the gyroscopic angular velocity indicator gimbal might 
not be linear; i.e., the output torque might not be proportional to the angular dis¬ 
placement input. This fact could be recognized by using an effective coefficient 
to describe the spring action. The loss in accuracy due to properly made ap¬ 
proximations of this type is usually less serious than the increase in difficulty 
caused by mathematical forms that do not fall into the pattern of Eq. (7-1). This 

problem will appear in many of the performance equation derivations that occur 
later in this book. 
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CHAPTER 8 


DIMENSIONAL ANALYSIS 


DIMENSIONS IN PERFORMANCE EQUATIONS 

8.1. Performance equation derivations follow more or less exactly the pat¬ 
tern described in Chapter 7, and lead to equations with the general form of 

Eq. (7-1). Equations of this kind represent physical situations in which the quan¬ 
tities involved may have any arbitrary dimensions. However, the mathematical 
form imposes certain restrictions on the performance equation coefficients, which 
are the a's and b's of Eq. (7-1). Certain of these restrictions are associated with 
the necessity for maintaining dimensional consistency among the terms of the 
equation. In addition to solving problems of this kind, a proper use of dimensional 
relationships may considerably decrease the work of obtaining results from per¬ 
formance equations and extending the application of these results to the widest 
possible range of engineering situations. The generalized study of applying the 
theory of dimensions to problems of this type is called Dimensional Analysis. 

8.2. The raw material of dimensional analysis is supplied by performance 
equations with the general features of Eq. (7-1). In equations of this type, the 
dimensions of the input and output quantities are immaterial so long as the equa¬ 
tion coefficients have the proper dimensions to make all individual terms of the 
equation dimensionally consistent with each other. For example, all of the terms 
of Eq. (7-1) may be divided by to produce the form* 



in which all terms must have the dimensions of the output quantity. 

8.3. The symbols in any specific example of Eq. (8-1) all represent some 
physical quantity that is important in the action of the operating system with 
which the equation is associated. Actually, the situation is less complicated than 
appears from an inspection of the equation. The ratio of to is a dimensional 


* In general, the coefficients must be positive for instrument application. 
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where the working variable symbols corresponding to th 
symbols of Eq. (8-1) are 
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8.5. All of the theoretical analysis of Volume II is carried out in terms of work¬ 
ing variables and the worldng variable form of the generalized performance equa¬ 
tion. The working variables are not uniquely associated with any particular equa¬ 
tion, but merely hold places in the functional relationship represented by any given 
form. For this reason, any one of the working variables may have many different 
meanings when theoretical results expressed in terms of working variables are 
applied to practical situations. 

PROBLEMS OF DIMENSIONAL ANALYSIS 

8.6. Dimensional analysis deals with the problems of organizing relationships 
among the equation coefficients, working variables, input quantities, and output quan¬ 
tities to realize the greatest useful return from theoretical and experimental studies 
of operating system performance. The discussion of this chapter develops the theo¬ 
retical background of dimensional analysis and ends with an illustrative example. 

PHYSICAL QUANTITIES AND MEASUREMENT 

8.7. Physical quantities are things or states of things that can be described 
by means of numbers. The number associated with a given example of a physical 
quantity is the measure of the physical quantity. Mass, length, time, pressure, 
temperature, etc., can all be described in numerical terms, and thus fall into the 
class of physical quantities. In general, the symbols that represent physical 
quantities in equations actually refer to the measures of these quantities, not to 
the quantities themselves. 

8.8. Each measurement always involves two ideas: first, the concept of the 
physical quantity to be measured; and second, the rule by which numbers are 
associated with particular states of the physical quantity. Thus the measure¬ 
ment of distance between two points involves the concept of length and a rule of 
measurement. This rule is that the measure of the given distance is the number 
of times a unit length can be fitted into that distance. 

8.9. The number which measures the separation of two points depends on the 
size of the length unit. On the other hand, if one distance is twice as great as 
another distance, the measure of the first distance must be twice as great as the 
measure of the second distance regardless of the size of the length unit used. 

The general rule is that 

ratios of the measures associated with a given situation that can be described 
in terms of a single physical quantity must be independent of the size of the 
unit used for the measurements. This requirement is fulfilled if the number 
which is the measure of a given quantity is inversely proportional to the size 
of the unit in which the measure is expressed. 
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demonstrated by actual substitutions. A change in the size of the primary units 
introduces the same numerical factors in each one of the measures associated 
with a series of concrete examples of the secondary quantity. These numerical 
factors will always cancel out when ratios of the measures of the secondary 
quantity are taken. 

THE n THEOREM 

8.14. The fundamental ideas of dimensional analysis are used to some extent 
by all persons who must analyze physical situations. For example, checks of 
equations to make sure that all the terms involved have proper dimensions are 
almost instinctively carried out. In a similar fashion, experience soon teaches 
the advantages of making plots in terms of nondimensional parameters which 
show characteristic shapes without being affected by changes in units or in mag¬ 
nitudes of the variables involved. 

(4) 

8.15. Bridgman' ^ gives a rigorous mathematical derivation of a theorem 
first explicitly stated and called the 77 Theorem by Buckingham.This theorem 
concisely summarizes the possibilities and limitations of dimensional analysis as 
applied to physical problems. A brief discussion of the 77 Theorem and its appli¬ 
cation to operating systems is given below. 

8.16. Any physical situation which may be analyzed by mathematical reason¬ 
ing can be described by means of an equation in which the physical quantities in¬ 
volved are the variables. Rigorously it is the measures of the physical quantities 
which appear in the equation rather than the variables themselves. The essential 
physical variables will be either primary quantities or secondary quantities, and 
each must therefore have the dimensional form of a product of powers of the 
primary quantities. 

8.17. In addition to the physical variables, the arguments of the equation 
which describes a given situation may include dimensional constants which do not 
vary with physical changes, but depend upon the nature and size of the primary 
units selected for use in the problem. These constants are necessary to make 
the equations dimensionally correct and are similar to secondary quantities in 
that they have the form of products of powers of the primary quantities. The 
constant of universal gravitation which appears in Newton's law for the attraction 
between bodies is an example of a dimensional constant, 

8.18. The relationship between the n physical variables and dimensional 
constants required to describe a set of physical facts can be expressed mathe¬ 
matically by an equation of the form 

.. sj = 0 (g_4) 
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powers of the secondary quantities S, . . . S . This means that 
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(8-7) 


In order to find the form of the /7's, the exponents ... must be deter¬ 

mined. The generalized dimensionless variable can be written in the form 



To make Eq, (8-8) dimensionless in the primary quantities, it is necessary and 
sufficient to determine values for the exponents in such a way that the 

sum of the exponents of each one of the primary quantities is equal to zero. 

The required conditions are stated mathematically by the equations 

Pn*!! + PiaS + • • • PlnS,J = 0 
P 2 I *li P 22 ®2i • p2n ®ni ~ ^ 


PmlSu + Pn,2S21 + ' ' * Pom^nl = ^ (8-9) 

Equation (8-9) constitutes a set of m algebraic equations in n unknowns which 
can be solved by methods discussed in any text on advanced algebra. The mathe¬ 
matical theory of such a system of equations shows that (n-m) of the unknowns 
must be arbitrarily chosen in order for the remaining m unknowns to be uniquely 
determined. In the present case, this means that (n-m) of the exponents 
®ii • • • ®ni arbitrarily chosen. After such a set of (n-m) choices is made, 

Eq. (8-9) can be solved for the remaining m factors, and the dimensional form of 
one of the/7's is determined. The theory of linear equations shows that it is 
possible to arbitrarily choose (n-m) independent sets of the variables in making 
the choices discussed above. Each of these (n-m) independent sets corresponds 
to a different 77. It follows that there will be a total of (n-m) dimensionless 
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arguments tor Eq. (8-5) which are independent in the sense that 
can be derived from any other through direct multibllcaH b 
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8.24. Ordinarily a number of combinations among the arguments suitable 
for 77's can be selected by inspection, especially in the cases of the dependent and 
independent variables. On the other hand, suitable combinations of performance 
equation coefficients are sometimes difficult to find. A good method is to select 
unity as the exponent of the quantity which is of most interest while (n - m - l)of 
the other exponents are arbitrarily made equal to zero. This procedure results 
in a combination of (m + 1) exponents of which m are to be determined. These 
unknown exponents can now be determined by setting up m algebraic equations 
in a fashion similar to that used in the derivation of the 77 Theorem and solving 
these equations for the m unknowns. An example in which a set of 77's is deter¬ 
mined by this procedure is discussed in following paragraphs. 





SPRING'AND’PISTON ENGINE INDICATOR PERFORMANCE AS AN EXAMPLE 

8.25. The spring-and-piston* engine indicator is taken as an example to illus¬ 
trate the development of a typical performance equation and the corresponding 
working variable form. These equations are then used to demonstrate the use of 

• Engine indicators of the spring-and-piston type were developed for the relatively slow pressure variations 
of the reciprocating piston steam engine. For this reason, instruments with the features of Fig. 8-1 are commonly 
called steam engine indicators. 
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dimensional analysis in finding combinations of equation coefficients a 
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Fig. 8-2. Functional diagrom for the spring-ond-piston engine indicator. 

functional diagram for the spring-and-piston engine indicator 

8.27. Figure 8-2 is a functional diagram for the engine indicator of Fig. 8-1 
This diagram has defining names and the corresponding letter symbols placed 
within the boxe s that represent operating components. The operating components 


social? graduations. Indicated pressure reading 

soc.ated with mdex displacements by means of rulers marked off with proper units. 


5 are as- 
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that receive input pressure and produce piston displacement are enclosed in a 
dashed-line box and designated as the pressure receiver, with the symbol (pr). 
The name pressure indicator, with the symbol (pi), is used to represent the com¬ 
plete system which receives input pressure and produces scale reading as its 
output. Figure 8-2 shows that the pressure indicator is functionally an open- 
chain arrangement with the direct quantity flow going from the pressure receiver 
to the indicating system to the scale. A summary of performance equations for 
these chain links and the pressure receiver operating components is given at the 
right-hand side of Fig. 8-2. Word definitions for symbols appearing in the per¬ 
formance equation summary and not included among the quantities shown on the 
diagram are listed in the figure. 

DERIVATION OF ENGINE INDICATOR PERFORMANCE EQUATION 

8.28, Derivation Summary 8-1 shows the development of the engine indicator 
performance equation from the performance equations for the three operating 
chain links of Fig. 8-2. This derivation summary also illustrates the relation¬ 
ships between the engine indicator performance equation and the corresponding 
generalized performance form of Eq. (7-1). The transformations required to set 
up the working variables and the working variable equation from the performance 
equation are also outlined in Derivation Summary 8-1. In practice, all theoreti¬ 
cal operations are carried out with the working variable equation of Derivation 
Summary 8-1 in generalized terms. By using properly chosen nondimensional 
variables for these operations, the results appear in forms that may be imme¬ 
diately applied to a range of problems by simple use of transformations like 
those of Eq. (7) of Derivation Summary 8-1. In addition to extending the useful¬ 
ness of results, suitable nondimensional variables facilitate analysis by suggest¬ 
ing effective behavior-describing concepts and allowing computations to be 
carried out in terms of the simplest possible numbers. For example, it is good 
practice to choose working variables that vary in tfie region of unity for the 
operating range of primary interest. It is the function of dimensional analysis 

to assist in the choice of variables for use in finding solutions to the problems 
of instrument engineering. 

PERFORMANCE DESCRIPTION 

8.29. Performance description for any given operating system must be based 
to at least some extent on the performance equation of the system. It is true that 
the performance description for an operating component might be based entirely 
on experimental data; however, it is also true that the effectiveness of any given 
amount of information on a situation of even moderate complexity will usually be 
greatly increased if the performance equation is considered when the pattern for 
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describing performance is established. The performance characteristics for an 
operating system specify functional properties of the system, but do not of them¬ 
selves describe the output from the system in any particular situation. A specific 
description of this type becomes possible only if the input variation is given in 
quantitative terms and the conditions of the system output are known at the initial 
instant, which is the instant at which a discontinuity occurs in the input variation, 
or an instant when the operating system is allowed to start working after being 
inoperative for a finite interval of time. The curves of Fig. 8-3 illustrate the 
responses of an operating system to a step function input change in terms of 
engine indicator behavior as a typical example. Initial conditions are shown as 
the indicated pressure and the rate of change of indicated pressure when the 
input discontinuity occurs. The instant of the discontinuity is the initial instant, 

shown as t = 0 in Fig. 8-3, to be used in applying mathematical methods for find¬ 
ing response curves. 


RESPONSE CURVE FAMILIES 

8.30. Problems that involve finding the output response from an operating 
system of known characteristics to a given input variation when initial conditions 
are specified can be resolved by straightforward analysis. On the other hand, the 
design problem of determining the characteristics of individual operating com¬ 
ponents required to produce a specified performance from an operating system 
and the companion problem of finding the best performance from given operating 
components are most conveniently solved if families of response curves are 
available for engineering studies. Each typical input forcing function requires 
one or more families of these response curves. The curves of a single family 
differ from each other in the performance equation coefficients assumed for the 
computations. This means that for even a relatively simple operating system, a 
number of individual curves is required to give a reasonable survey of perform¬ 
ance possibilities. In practice, this number may be considerably reduced by 
using properly selected combinations of the performance equation coefficients, 
instead of the coefficients themselves, as performance-describing parameters 
that are held constant as the running variables vary over the ranges required to 
describe given physical situations. The reasoning patterns of dimensional analy¬ 
sis are valuable in that they suggest useful forms for dimensionless parameters 
and variables to be applied in performance studies. Except for rare instances, 
dimensional analysis deals only with forms for parameters and variables. In 
general, it offers no information on either the performance equations or the solu¬ 
tions for these equations. 

8.31. Figure 8-3 illustrates the general nature of a response curve family. 
The engine indicator of Fig. 8-1, with the second-order differential equation form 





of Eq (2) of Derivation Summary 8-1 as its performance equation, is taken 

specific example. The input forcing function is taken as a step function for M h * 

Change .he press^ i„p„. pressurCj ‘ 

occurs as a d.scontlnuily at the instant chosen as the InlliliT^IInTTT? 
'--a. .th the input pressure .nit.a, ieuet. 



pressure is assumed to have an arbitrary value. The plots ot Fig. 8-3 are made 

Wih.nput pressure and indicated pressure as ordinates, and with time as abscissae. 

c ves on ig, 8-3 are plotted for engine indicators with a constant effective 

lL',r“"’o‘"! coefficient. Each of 

three illustrative curves represents the response lor a single value of the 

elastic restraint coefficient of the piston spring. A complete survey of perform¬ 
ance characteristic posslblllttes would require a separate family ot curves 
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for each combination of values of the effective force summing member mass and 
a separate curve for each value of the elastic restraint coefficient. 

8.32. The total number of separate curves required to survey completely the 
performance possibilities of the engine indicator may be reduced by using the 
ratio of the piston damper coefficient to the effective mass as the parameter for 
identifying each curve family, and the ratio of the elastic restraint coefficient to the 



Fig, 8-4. Illustrative step function responses of engine indicators with constant damping coefficient- 
effective mass ratio and different values of the elastic restraint coefficient-mass ratio. 

effective mass as the parameter held constant for individual curves of a family. 
Figure 8-4 illustrates a curve family plotted with these ratios used as the parame¬ 
ters. Also, in this figure, the time scale has been made nondimensional by divid¬ 
ing time as a running variable by a reference interval. In Fig. 8-4 this refer¬ 
ence interval is not specified. It is sufficient for present purposes to note that in 
practice a number of useful reference intervals often suggest themselves in the 
study of a problem. The selection of the best reference interval to employ in a 
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f n e„ situation must depend upon judgment developed by experience in the field of 

.amines lihe that o, Flg. 8-4 reduces the number of curves re^dTa .T 
lormance survey as compared with the number of curves required for the same 
surtes If families similar to that of Fig. 8-3 are plotted. The truth of this state 
ment depends upon the fact that when the coefficient ratios are used, they redu« 

. me the number of parameters to be assigned values In making up curre fami 
lies. The coefficient ratios of Fig. 8-4 are not the most effective parameters fo’r 

mapping the Held of engine indicator performance, but they help to Illustrate a general 

P nciple that, with the refinements made possible by use of the 77 Theorem 

greatly increases the effectiveness of performance-describing procedures. ’ 
illustrative application of the n THEOREM 

8.33. The engine Indicator of Figs. 8-1 and 8-2 may be used as a typical ex¬ 
ample to Illustrate the application of the n Theorem to an actual case. Table 8-1 
lists the names, symbols, and dimensional formulae tor the physical quanUlles 
required lo describe the rcspousc of the engine Indicator to an Input step tuncUon. 

Table 8-1 

Names, symbols ond dimensionol formuloe for the voriobles required to describe the step 

TUnctlOn r^cnnncA /%♦ !^j* ^ 


1— -— - 

1 

NAME 

SYMBOL 

1 " ! 

1 

Input Pressure Forcing Level 

P(in)f 

Input Pressure Initial Level 

F(in)o 

Indicated Pressure 

Pc 


DIMENSIONAL 

FORMULA 


Initial Indicated Pressure 

Initial Rate of Change of Indicated Pressure 


Pfslo 


ML * r2 
ML'* r2 

ml-* 

ML’* 


ML-* 


Time 


Effective sMass of Force Summing Member 
Elastic Coefficient of Piston Spring 
Damping Coefficient of Piston Damper 


M 


-2 


-1 


Note. The sensitivity ^(cj)[p.p]. which appears in Performance Equation (5) of Derivation 
_Summary 8-1, is omitted from this table because of its dimensionless character. 
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Nine quantities appear in this table, that is, the n of the 77 Theorem is nine. All 
of these quantities are dimensionally expressible in terms of mass (dimensional 
symbol M ), length (dimensional symbol L), and time (dimensional symbol T ). 
This means that the m of the 77 Theorem is 3, For the 77 Theorem, it follows 
that there are (9 —■ 3) = 6 independent dimensionless variables ( 77 ‘s) for the 
step function response of the engine indicator. It is possible to reduce this 
number to 5 immediately if the height of the step function P(in)f - P(in}o is taken 
as a convenient unit of pressure. Of the five77's, it is reasonable to have one 
contain the indicated pressure as the dependent variable, while another includes 
the initial indicated pressure. These two 77's may be formed at once as 


77 - - 

(8-10) 

P(in)f P(in)o 

n _ P(s)o 

^ ^ 2 

P(in)f P(in)o 

(8-11) 


8.34. It is necessary to provide a third 77 with time as one of its factors. 
Indicated pressure and input pressure have both already been used in 77's and 
need not be considered in forming additional ratios. The initial rate of change of 
indicated pressure remains to be used, but it is logical to defer formation of a 

77 for this quantity until factors for nondimensionalizing time have been found. 

8.35. The remaining variables that may be included in the 77 containing \ are 
m, c, and k. If the exponent of t is assumed to be unity, the 77 can be written as 

773 = (8-12) 

8.36. The corresponding dimensional formula is 

773 =[T][Mf“[MT->f^[MT- 2 ^ (8-13) 

For Eq. (8-12) to be dimensionless, thesumof the exponents of each primary quantity 
must be equal to zero. With this combination of variables, there are three equations 
in two primary quantities. This makes it necessary to assume a value for one of 
these exponents in order to get a unique solution. Depending upon which exponent 
is arbitrarily assigned, there will be three different sets of values. 

8.37. The procedure for finding a suitable set of exponents is to write the equa¬ 
tions for the exponents in full and then assume each exponent to be zero in turn, thus 

1 - “ 2 s, = 0 

First, if is assumed to be zero, the solution of Eq. (8-14) is = -1 and = 1 . 
This gives f(k/c) for one 77. If is assumed to be zero, the solution is = -1/2, 
= 1/2. This gives t-fk/nT for the corresponding 77. Finally, if is assumed 
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0 be zero the solution of Eq. |8-14) is - I, , j, (he flbecomes „ / , 

U follows that there is a choice of three different ratios which can be used as tie ' 
f7 conutntng i. It will be seen in succeeding chapters that each one of these three 

i “.r'l "7“ O" of the 

n w tc i appears. It is sufficient to note for the present that k/c VtT' 

and c m all have the dimension of T* . » V /m, 

8.38. A f7 containing the initial rate Of change of the scale reading P,, can 

no* be tornied by inspection by noting that P„„ has the dimensions of a prLsu" 

me y a time. Any one of the pressures and any one of the three combi i- 

having the dimension of T- could be used. In the case of the pressure how”evlr 

t IS reasonable to associate the 17 with the initial scale reading p, , ’using p ' 

in coniuncHon with each of the three combinations having the dimension of T . 
gives, as three choices for the 77, 


(s )o 


P(s)o 4 


(s)o 


(s)o 


and 


^(s)o 

ni 


l°eTnhT„dTstr' "" 

8 .39. All the variables of Table 8-1 have been included in at least one 17 

There are no new variables which must be Included In the remaining 17. Dimen¬ 
sionless ratio 17's containing the independent variable, the dependent variable 
and initial values of both displacement and velocity have been determined. How¬ 
ever, a 77 has not yet been found which contains only the design variables of the 
enpne ■"“■cstor. It the variables describing the indicator ItseU can be combined 

form a n, this 77 will be uniquely associated with the indicator as an operating 
system. A 77 of this kind can be found by writing 




(8-15) 


The corresponding dimensional formula 


IS 


^5 = 


(8-16) 


The equations for the exponents are 


+ Sit = 0 


-Sc-2s,= 0 (8-17) 

If any one of these s’s is placed equal to zero, no solution is possible. However, 

If any of the s's is placed equal to unity, solution gives a 77 of the form c/VdT. This 

77 will appear later as the essential factor of a basic system parameter called the 
damping ratio. 

8.40. Table 8-2 summarizes the ratios derived above to fulfill the77 Theorem 
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requirements of five /7's as dimensionless variables suitable for use in describing 

engine indicator response to an input step function. The generalized reasoning of 

the n Theorem shows that the engine indicator response fulfills a function of the type 

n, n^. o (8-i8) 

8.41. It is important to note that £q. (8-18) does not give any information as 
to the form of the relationship involved. This information is provided by the per¬ 
formance equation derivation outlined in Derivation Summary 8-1. 

8.42. The application of dimensional analysis discussed above is a simple, 
special case in comparison with situations that are common in instrument 

Table 3-2 

Summary of dimensionless ratio variables for the description of engine indicator 

step function response. 



Note: To sifnphfy the symbols, identifying sjoscripts u ' t/v beer, orr.ittei from »r.e 
performance equation coefficients. 


engineering. However, the problems that appeared in finding proper dimension¬ 
less ratios to describe engine indicator performance are similar to the problems 
to be solved in applications of dimensional analysis of situations of any complexity. 
The methods used in the illustrative example may be applied in any case. These 
methods will appear many times in the developments that occur in later chapters. 
The system of /7's generated in any particular case by the procedure illustrated 
above will always furnish a basic pattern for forming nondimensional quantities. 
Changes in this pattern will often be made to improve effectiveness in dealing 
with particular performance equation fornas. 
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CHAPTER 9 


CONCEPTS AND NOTATION FOR THE COMPARISON OF 


PHYSICAL QUANTITIES 


level comparisons 


9.1. Instrument engineering ordinarily deals with operating systems ol hirh 
erlormance in the sense that the outputs for given inputs bear a oteeTeirof 

tormance is often distinguished from poor performance by smalTpercrl^ 
changes large numbers that maybe required to represent the output. For this 
reason U is generally more satisfactory in practice to esUbllsh some comparison 

^ a nd deal with differences behveen levels of the quantity under sMy and this level 

ban .„s to deal directly with the output itself. These differences betweeuThroutrt 
as comj^d level and the comparison level, which may be chosen either as constant 

ion In addition to the description of scalar differences between quanUty levels 
iectoj djfference_s are important in geometrical applications where it is necls- 
a ry to describe the difference in the position of a located point with respect to a 

^ of this type, and also tor angular rotations, velocities and accell;^~ 
Common patterns for these definitions and symbols to describe geometrical con¬ 
cepts and scalar difference concepts are developed and Illustrated by a n.,n,K„ 

Of examples, ^ 

THE LOCATION VECTOR 

9.2 Figure 9-la illustrates the concept of the location vector that describes 
position of a lo^ point (symbol (LP)) with respect to a reference point 
(symbol (RP)) m terms of a vector for which the main symbol is R (the super- 
sen^ bar shows that the 'tadius/'R, is a vector quantity). The location vector 
symbol is completed with a subscript bracket containing two symbols. The sub¬ 
script position nearest the main symbol is the wmparison point symbol, or 
leference^t sy^l position, which is (RP) in Fig. 9-la. The subscript posi¬ 
tion to the right of the reference point position is the compared point position and 
contains the symbol (LP), for 'located point," in Fig. 9-la. When it is convenient 
an no misunderstanding is likely to occur, lower-case letters may be substituted 
for the capital letters in the subscript of the location vector symbol. 



9.3. Figure 9-lb illustrates the application of the concept of the reference 
quantity — compared quantity difference applied to the angle between two lines. 
In this figure the reference directio n has the symbol (RD)^ and the located direc- 
tion has the symbol (LD). The main symbol for the angle is A. This main sym¬ 
bol carries a reference direction — compared direction bracket which has (RD) 
in the reference quantity position and (LD) in the located quantity position. 

9.4. In Fig. 9-lb, the angle is shown in terms of a vector representation in 
which it is expressed as the cross product of the unit vector along the reference 
direction and the unit vector along the located direction, multiplied by the ratio 
of the magnitude of the angle to the sine of the angle. It is to be noted that the 
order of subscripts in the reference quantity — compared quantity bracket is 
the same as the order of subscripts on the unit vectors of the cross product. 



a) Vector represeatotion for location vector from b) Planar and vector representation of angle be* 

0 located point with respect to a reference tween o reference direction and a located 

point direction 

Fig. 9>1. Diagrams illustrating fornKition of symbols to represent the vector between two points ond 

the angle between two lines. 


SYMBOLS FOR REFERENCE LEVEL BASED QUANTITIES 

9.5. Figure 9-2 illustrates the general concept of a reference level — com¬ 
pared level quantity difference when the quantity involved is a scalar (i.e., has 
magnitude and algebraic sign but no direction). In this figure the quantity refer- 
ence level is shown as a constant, with the quantity compared level varying as a 
function of time. The reference level — compared level quantity difference has 
the main symbol q (for quantity). The symbol is completed by the reference 
level — compared level bracket , which contains (ref) (for reference level) in the 
comparison quantity position and (cmprd) (for compared level) in the compared 
quantity position. For convenience in use, the complete name of the quantity 
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inference is shortened to reference level compared quantity Thi. 




Fig. 9-2. Syn,bols and definitions for reference level compared quantities. 

CYLINDER PRESSURE AS AN EXAMPLE 

formation r application of the concepts and symbol 

pressure level (symbol p, *i,h (atm), ,„v atmospherie, as Its subserlpt). The 
compared quantity is cylinder pressure (symbol p. with subscript (cyl)). As 
shown in Fig. 9.2b, the atmospheric reference cylinder pressure Is equal to the 
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difference between the cylinder pressure (the omission of a reference level in 
the name means that the reference level is zero) and atmospheric pressure. 
9.7. The definitions and symbols of Figs. 9-1 and 9-2 are complete in that 


they convey all the essential information about the quantities represented. They 
are, in effect, self-defining symbols that to a considerable extent specify the 
quantities they represent. When symbol meanings are clear and a considerable 
amount of manipulation is to be carried out, it will generally be advantageous, 
for formal operations, to replace complete symbols with more convenient work¬ 
ing variable symbols , or working symbols . However, it is generally worth while 
for any work that is done as part of an engineering project, rather than for 




q) Vector represQniQtion of linear ’velocity 
of located point with respecHo reference 
coordinates (reference spoce) 


b) Vector representation of linearacceleration 
of located point with respect to reference 
coordinates (reference space) 


Fig. 9-3. Diagrams illustrating formation of symbols to represent the linear velocity and linear 

acceleration of a located point with respect to a reference space. 


educational training purposes, to be formulated and have its results stated in 
terms of self-defining symbols. W'hen this rule is followed, information on the work 
will be easily available, not only immediately after analysis is completed when 
special symbols are fresh in the minds of the engineers involved, but also at any 
time thereafter when it becomes desirable to refer back to the recorded data. 


DIFFERENCES IN VECTOR QUANTITIES 

9.8. Figure 9-3 illustrates the application of the conventions of Fig. 9-1 to 
the linear velocity and acceleration of a located point with respect to a set of 
reference coordinates that represent a reference space. The basic definition for 
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7"‘ = ^!"”'x>l "^tten aa the 

respect to the reference soarp th« ™ .• , ^ rate of change with 

brackets and given the subscrint t i f ^v! ‘s enclosed in square 

respect to the re r7c strwtth 
reptacing the 

r i.i_ ’ ' Wltn 3 dot OVOr tll© VGPtnr CTymK/>l A 

r™r re :r:r r •“ 

subscript bracket with (rn\ in fh^ ymbol v is given a 

velocity is With „ , r quantity position to show that the 

quantuy position to show that the velocity co„std;red is elerd'ltt 

.-f r;;rr" “ 

Fla 9 3a wT' “>* eonventions explained In 

bn. IS tdentical with that for velocity If It Is considered that acceleration Is a 3 

erivativewithrespecttotlmeinsteadofaflrslderivallyewilhrespect to time and 

the symbol a, tor acceteralion, replaces the symbol v, tor velocity. ’ 

simn.ifi , *“*' advantage ot such typical 

leZtl T . augeested in Fig. 9-3 when the symbols are used In 

lengthy derivations and In the detailed work ot analysis. On the other hand, when 

thTred^r ruferunce pnrposes 

makesTl 3" “"P*''* PFmbols ’ 

worth while to employ selt-dctlnlng symbols tor a more generally use- 
ful expression of results. ^ 


SUBSCRIPT COMBINATION RULE FOR VECTORS 

rpnr^'“; 'dotation illustrated in Figs. 9-1, 9-2, and9-31ends itself well to the 

representation of vector quantities. In addition to the conventions already discussed, 
1 IS useful to note that the addition or subtraction of location vectors using a common 
reference point may be performed by simple subscript manipulations. The sub¬ 
script combination rule is illustrated in the diagram of Fig. 9-4a. This rule is 


m a sum of location vectors, the symbol for the resultant vector may be formed 

by cancelling all subscripts in the reference point position with like subscripts 

in the located point position leaving a single symbol with the two remaining 

terminal subscripts written in the positions they occupy in the original 
vector symbols. 
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For example, in the vector sum of Fig. 9“4a, the subscript (Ip)^ occurs in the 
located point subscript position for the first vector and the reference point sub¬ 
script position for the second vector of the sum. The corresponding vector dif¬ 
ference of Fig. 9-4a has a symbol in which the common reference point is dropped 
out and the remaining subscript point of the subtracted vector appears as the 
reference symbol for the difference vector. 




a) Addition and subtraction of a 
location vector 


b) Addition and subtraction of a 
linear velocity vector 


Fig. 9-4. Illustrations of the subscript combination rule for vector addition. 


9.12. Figure 9-4b shows that the subscript combination rule holds for linear 
velocity vectors based on a common reference space in the same way that it ap¬ 
plies for location vectors. 


SYMBOLS FOR ANGULAR VELOCITY 

9.13. Rules for the formation of symbols to represent angular velocities of 
a moving space (represented by a moving coordinate system) with respect to a 
reference space (represented by a reference coordinate system) are illustrated 
in the diagram of Fig. 9-5, The main symbol for angular velocity is W, since it 
is the nearest English equivalent to the Greek letter ’'omega/' the symbol com¬ 
monly used for angular velocity. Two conventions are convenient for forming 
the symbol. First, the symbol for the reference space may be placed in the 
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k. 
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®**E OF CHANGE OP R 

sessec-' to reference space 


time RATE OF CHANGE OF R 
WITH RESPECT TO MOVING SPACE 


W 

’VsKms) *' 

[cross product of angular 

VELOCITY OF MOVING SPACE 
WITH RESPECT 7D REFERENCE 
L SPACE WITH VECTOR R 


b) Vector representation of law of Coriolis 


subscript position nearest the main symbol with the moving-space symbol in the 
next following position. In the second convention, the moving-space symbol is 
directly adjacent to the main symbol to indicate that it is the space that has the 
angular velocity, and the reference-space symbol is placed as a subscript to 
square brackets enclosing the main symbol and its identifying subscript. 
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SYMBOLS ASSOCIATED WITH ANGULAR VELOCITIES AMONG COORDINATE SYSTEMS 

9.14. Figure 9-5 illustrates the formation of symbols associated with the 

gj j^oriolis , which gives the expression for the time rate of change of a 

vector R with respect to a reference space in terms of the time rate of change of 
R with respect to a moving space and the cross product of the angular velocity of 
the moving space with respect to the reference space and R. The superscript dot 
notation is used to indicate differentiation with respect to time, and a subscript 
(rs) (meaning reference space) is placed outside the square brackets enclosing 
the symbol to specify that the time derivative is taken with respect to reference 
space. The symbol for the time rate of change of R with respect to the moving 
space is similar to that for the reference space time derivative except that the 
subscript (rs) is replaced by the subscript (ms). 

9.15. The main symbol W, with the subscript (rs)(ms), represents the angu¬ 
lar velocity of the moving space (ms) with respect to the reference space (rs). 

The complete symbol for this angular velocity omits the square bracket and 
dash between symbols inside the bracket that are used in Fig. 9-5a. This 
omission is made to illustrate the type of notational simplifications that are pos¬ 
sible. If, for a certain situation, the angular velocities of a number of coordinate 
systems are involved, and it is understood that all these angular velocities are to 
be taken with respect to the same reference space, the reference symbol (rs) may 
be omitted from the subscript. 


GENERAL CONCEPTS OF LEVEL COMPARISON 

9.16. The reference level — compared level quantity difference concepts of 
the preceding section apply without expressed or implied restrictions on the 
magnitudes of reference level — compared level differences. In practice, differ¬ 
ences of this kind between quantity levels of substantially equal magnitudes are 
especially important. For this reason, it is useful to set up definitions and sym¬ 
bols for a group of level comparison concepts. These concepts are defined and 
illustrated with examples in this chapter. 

9.17. Any system of definitions and symbols developed for level comparison 
purposes must include provisions for two basic kinds of relationships. The first 
type of relationship is the algebraic difference between two levels of the same 
physical quantity. The second relationship type is the ratio between two levels of 
the same quantity. These two types of comparison measures are discussed below. 


QUANTITY DIFFERENCE 


9.18. Figure 9-6 illustrates the concept of a simple difference between typi¬ 
cal quantity levels under static conditions. In order to systematically establish 
the algebraic sign for a quantity difference , it is necessary to distinguish between 
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from th^ r. eierence. This comparison level is subtracted 

from the qu^y Spared ^1 to give the comparison level - comnared i ! 

^^fference. The symbol for this difference is (Df) * enclfT^^T- 

.heses to ditterenttate ..e sy„0o. tto„ a ^ 

closed in square brackets has (cmprsn) as its first symbol, to the left and 

lm3 “! “‘'"“"I to suggest un- 

„uousty comparison" and Compared" by omitting all letters except those 

contribute to the characteristic shape of the word to be represented. The 


[(Df)q] 


O' 


[(cmprsn)-(cmprd)] " ^(cmprd) " Q(cmprsn) 


1 

Q 

^(emprd) 

QUANTITY 

COMPARED 

LEVEL 

^^Df)(?][(cmprsn)-(cmprd)] 

COMPARISON LEVEL- 
COMPARED LEVEL 

— 


quantity difference 


r\ ^ 

^{cmprsn) 

i - 

QUANTITY 

COMPARISON 



LEVEL 



TIME 

Ourntif!'!"'*'? Difference both Componson ond Compered 

Quantity Levels ore typical levels with no speciol properties, ^th 

Levels exist at the same time. 

Fig. 9-6. Definition and symbols for quantity difference. 


complete subscript illustrates the general convention for expressing a compari¬ 
son in symbol form with the subscript representing the comparison quantity 
placed within square brackets in the position nearest the main symbol (in this 
case (Df)), and the symbol representing the compared quantity placed within the 
square brackets to the right of the comparison quantity symbol. The various 
conventions and symbols are illustrated in Fig. 9-6, which also shows that 

when quantity levels are represented by horizontal lines, an arrow repre¬ 
senting the quantity difference is drawn from the comparison level to the 
compared level. 

QUANTITY CHANGE 

9.19. In Fig. 9-6, quantity difference is defined in terms of two simultaneously 
existing levels. Another situation exists when the levels considered do not exist 
at the same time, but are associated with a change of the physical quantity involved. 

It IS recognized that the Greek letter A is commonly used to represent differences. In this book, A is 
used with the same meaning as a working variable rather than as part of a self-defining symbol. 
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A case of this kind is represented in Fig. 9-7, where the comparison quantity 
IS taken as one constant level and the compared quantity is the constant level 
reached after a change has occurred. The main symbol for this change is (Ch)q, 
where the letters Ch represent "change" and are enclosed in parentheses to show 
that the change occurs in the quantity that follows — in this case, the quantity q. 
The subscript bracket containing the two symbol forms (cmprsn) and (cmprd) 
provides a means for identifying the levels between which the change occurs. 

As in the case of the quantity difference, defined in Fig. 9-6, quantity change is 
equal to the compared quantity level minus the comparison quantity level. 



In the definition of Ouontity Change the Comporison Level and the 
Compored Level do not exist at the some time. The Compared Level 
exists ofter the Comparison Level hos ceosed to exist. With this 
exception both Comparison ond Compored Levels ore typicol levels 

of the Ouontity Q 

Fig. 9-7. Definition and symbols for quantity change. 

4 

DEVIATION 

9.20. The quantity difference and change definitions are based on typical 
levels of the quantity involved. In practice, it is often useful to take a special 
level as the comparison level and to identify it as the reference level. Differ¬ 
ences associated with a reference level are called quantity deviations and are 
assigned the symbol (Dvn)q. As shown in Fig. 9-8, the deviation of a given quan- 
tity level q is equal to the given level minus the reference level. When no mis- 

4 

understanding is possible, the symbol (Dvn), which represents deviation, may be 
replaced by either of the simpler forms (Dv) or (D). The latter symbol is the 
form commonly used to represent deviations. 
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inaccuracy, error, and uncertainty 

9.21. “"fences have special Slgnlflcance when the comDarlson ■ 

the^ le^, or the correct level, while the compared quantity is a level thaV" 
would he identical with the true level i, the operating system wM which • is as 

prerreTd'tr"' -“el-t be the true ‘ 

^ essure gage ot the type shown in Fig. 2-2. Various concepts are assoctt? 

erences of this type, depending upon the level used tor comparison 



Fig. 9-8. Definition and symbols for quontity deviation. 

purposes. When conditions are static, so that repeated indications of a fixed 
pressure level are possible, three useful difference concepts are possible. These 
three concepts are illustrated in Fig. 9-9 by means of a curve showing the number 
of occurrences of various indicated quantity levels (the symbol (N)q/. repre¬ 
sents the number of times the indicated quantity level occurs i'n a series 
of observations) when the correct level of the quantity is constant. An important 
level associated with this distribution curve is the average of the indicated quan¬ 
tity, which must be determined for a group of indicated quantity levels by a 
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statistical procedure.* As shown in Fig, 9-9, when the correct indicated quantity 
is taken as the comparison level and the compared quantity is the indicated quan¬ 
tity average, the corresponding difference is the indicated quantity error. When 
the comparison quantity is the correct quantity and the compared quantity is a 
single typical quantity, the difference is a particular value of the indicated quan¬ 
ta inaccuracy . The indicated quantity uncertainty for a particular case is the 
quantity difference when the comparison quantity is the indicated quantity average 
and the compared quantity is a single indicated quantity level. These definitions 
mean that for any given single observation of the indicated quantity, the inaccu- 
racy ^ equal ^ Um sum of the error and the uncertainty. 


INDtCATEO OUAHTITT 
AVfRACE ERROR . 
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INDICATED QUAriTY INACCURACY 
^ ^^Q(ind)“ Q(ind', Q(corr) 
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^U)Q(jnd)"Qfind) Q(ind)(ov) 
NOTE that 

(I)q,,,r(E)q,„.+(U)q 




(ind) 


Note : When no likelihood of 

misunderstanding exists,the 

indicated quantity average 

reploced by the Indicoted 
quantity error (E)q ,;„<,) 


(q 


q(corr) 

CORRECT 
LEVEL OF q 
(corr) is constant 


q(ind)(av) 

INDICATED QUANTITY 
AVERAGE LEVEL 


q (ind) 

TYPICAL INDICATED 
QUANTin LEVEL 


(corr) 


(ind) 


Fig. 9-9. Definitions and symbols for inoccuracy, error, and uncertainty for situations where repeated 

trials ore possible under static conditions. 


9.22. In practical applications of the definitions given in Fig. 9-9, inaccu¬ 
racy represents the total difference by which a given single indication misses 
being correct. The inaccuracy may in general be resolved into two parts: one 
of these, the error, is systematic; the other, the uncertainty, is erratic; so that 
in any given instance it is not exactly predictable but must be treated by the 
methods of statistical analysis, which are discussed in Chapter 11. The concepts 

* The statistical method for static problems is discussed in Chapter 11. 
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of inaccuracy, uncertainty, and error may be applied to the output of any operat 

HI? system if tne quasi-static output is taken as the "correct" level and the out 
put Itself IS considered as the 'Indicated quantity." 

difference concepts associated with quantity levels varying with time 

9.23. The situations of instrument engineering seldom permit a series of 
outnut observations corresponding to a fixed level of the input quantity. This 
means th.at the definitions summarized in Fig. 9-9 must be supplemented by con- 
cep s that may be used wnen the compared quantity and the comparison quantity 
are both varying so rapidly with time that no repetition of observations is 
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(bin) 

(I)q 


* "* Q 


(fm) “(corr) 


= q.q 
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Fig. 9-10. Graphical definitiaris of inaccuracy, roughness, and error for a quantity varying with time. 

possible. In practice, continuous variations of the compared quantity may be 
known from records, and a reference level established by an independent means 
may be available. Because repeated observations of a given level of the com¬ 
pared quantity are not possible, the conventional statistical technique of averag¬ 
ing is not available. However, it is always possible to use the concept of smooth - 
already defined in Chapter 6 to establish a smoothed compared quantity, which 
corresponds to the average of a series of repeated observations for static situa¬ 
tions. Figure 9-10 illustrates the relationships among the compared quantity 
taken as the ’quantity," or "indicated quantity," the reference quantity, and the 
comparison quantity considered as the correct quantity. By definition, on the 
figure, when the smoothed level is taken as the comparison quantity and the indi¬ 
cated quantity is taken as the compared quantity, the difference is the quantity 
roughne^ . Under this definition, the roughness component for a given point of 
the compared quantity curve corresponds to the uncertainty of a single observa¬ 
tion when repeated static observations are possible at a single input level. 
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9.24. In Fig. 9-10, the error of the smoothed quantity is the difference that ap¬ 
pears when the correct quantity is taken as the comparison quantity and the smoothed 
quantity is taken as the compared quantity. Similarly, the deviation of the smoothed 
quantity is the difference based on the reference quantity as the comparison quantity 
and the smoothed indicated quantity as the compared quantity. The error of the ref- 
erence quantity is the difference formed by taking the correct quantity as the 
comparison quantity and the reference quantity as the compared quantity. These 
definitions and certain others with obvious meanings are illustrated in Fig. 9-10. 


CORRECTIONS 

9.25. For the practical purposes of instrument engineering, information on 
deviations and errors is important only because it may be used as the basis for 
generating corrections. By definition, a correction for a quantity average is the 
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Fig. 9-11, Summary of definitions and symbols for level comparison measures; definitions and 

symbols for corrections. 



amount by which the average level would have to be changed in order to bring it 
into agreement with the correct level. Similarly, a deviation correction is the 
amount by which a quantity average would have to be changed in order to make it 
identical with the reference quantity. Corresponding definitions hold for changing 
conditions in which smoothed quantities are substituted for the average quantities 
of static conditions. The correction definitions and symbols are summarized in 
Fig. 9-11 for both static and dynamic conditions. A consistent rule for all cor¬ 
rections based on the definitions of Fig. 9-11 is 

always add positive corrections. 


119 


illustrative example 

desc!,b!d te .oTn 

i-igs. 9-b to 9-11. The diagram of Fig. 9-12a represents an inHi 
or for making records of pressure variations occurring within the cvlind T' 
an The ,u.M,„e curve o. Ft,. 9-12b shows theT„“»^^^^ 

as taken w.lh an instrument like that of Fig. 9-Iga^TlJdJsl^wiire^e 

ZZ 71 Z\^^ esUblisher 

by an indicator more accurate than the equipment used for taktng the full 
curve, or by theoretical considerations. The dotted-line curve of Fig 9.12b 

used upon records from a specify accurate, tndlTafor, The^Xl 
cp^r pres^e correclimu the cylinder pressure deviation correclion, and 
Fi HMnder pressure co rrectio n are shown graphically 1„ Fig 9.12b 

g ves the error curves corresponding to the correction curves Be cal o Z 
defining convention that ® 

correcwns are a!u.ms equal i„ magnilude and opposite in sign to the oorres- 

pondins errors 

the error curves are mirror images with respect to the aero correction axis of 
the correction curves. ^ecuon axis oi 

given rthis ‘Ibnuuons of deviations and errors 

fn Chal! n 1 «'e concepts already discussed 

error 1 ‘’“'“■■'uance. In general, presentations of deviation and 

mlltt '7 by means of the linear, logarithmic, or semi- 

oganthm.c plots descrtbed and illustrated by examples In Chapter 5. The ex- 

tension of deviation and error definitions and methods of representation from 

static to dynamic conditions is a simple step that presents no’special features. 

an h '“7 “ and uncertainty are 

applied wiU appear later in the book. 


tolerance 

9.28. The use ofM grances for discussing operating system performance is 
necessary to properly describe and specify limits of satisfactory system perform 
ance. A set of definitions and symbols suitable for this purpose is given in 
ig. 9-13, wherein a performance-describing quantity is represented by the sym- 
^1 q and plotted as the ordinate. The operating level ratio , which is the ratio of 
the gy rating r^e qu^_^to some chosen reference operating range 
quan^ le^ xs plotted on the abscissa scale. For this purpose the operating 
range quantity is selected for its relationship to the factors controlling tolerance 
effects. Some level of the performance-describing quantity, q, for which the 
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Fig. 9-12. Engine cylinder pressure example illustrating corrections and errors. 
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always equal to the tolerance itself. All of the tolerance relations defined are 
shown in Fig. 9-13. 

9.29. Tolerance and its associated concepts are important in all engineer¬ 
ing problems. This importance is forced on the engineer because perfection is 
never possible in practice — the realized performance from any component or 
system always deviates from the ideal. One of the primary problems of design 
is to establish the tolerance references required by satisfactory system opera¬ 
tion and at the same time to set up tolerance limits that may be held at accept¬ 
able cost by available manufacturing procedures. Tolerance considerations ap¬ 
pear as essential parts of the examples discussed in Volume III. 
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CHAPTER 10 


CONCEPTS AND NOTATION FOR THE DESCRIPTION OF 
generalized OPERATING SYSTEM PERFORMANCE 

OENERALIZEO PE«F0R«.HCE.0ESC.IBmc CONCEPTS AND SYMBOLS 

10.1. Concepts and notation for describing the performance of oo,r..- 

p-cTatrz. 

possible example of the sihifsHnne ^^epresent the simplest 

ust be solved by the instrument engineer. 


it“tsn;rr::: f::ctr r = 

to be comDletP nprf/M-r«o ^ oi inputs. This means that 

visions for identification of tii concepts and symbols must include pro- 

and for specif cln of the i t '"!, "" 

=r£::£r-~~= 

ACTUATING, INTERFERING, AND MODIFYING INPUTS 

generate ouTpuU raTa“rTa"Lo’'vrcrr ',r„mir“The“^Ltor ""f” 

“et rCir'rr™ "b"' 

o?:;:r --- 

f^nant of this type. f. .his figure, d.e operati; coZ^" 

For p'rac^icafrT »' 'a<i‘bP InpuU and vector output, 

inpum. and mod^j^"^*^ Into acbmtmg inpu^ igi aPlaPldF 

(1) Actual inp^ include those inputs that are of prime 

importance in the sense that they are essential for 
operation of the component. 
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(2) Interfering inputs are received by the operating component 
and produce output changes that are not directly distinguish¬ 
able from those due to the actuating inputs. In general, 
effects due to interfering inputs are undesirable and inter¬ 
fere with the proper response of the operating component 

to the actuating and modifying inputs. 

(3) Modifying inputs change the relationships established by 
the operating component among the other inputs and the 
outputs. 
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SECOND MODIFYING INPUT^ 

C| (in)(inodl(2) 
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Fig. 10-1. Generalized functional diagram for an operating component with vector inputs and outputs. 


SYMBOLS FOR PERFORMANCE-DESCRIBING CONCEPTS 

10,3. Figure 10-2 illustrates the general features of a notation for describ¬ 
ing the performance of operating components and the inputs and outputs associated 
with their operation. A series of identifying symbols, written as (iden)(l), 
{iden)(2), . . . etc., is associated with the operating component itself and the sub¬ 
systems to which it belongs. For purposes of formal distinction, the first identi¬ 
fication symbol is associated directly with the operating component; the next 
symbol in order represents the simplest subsystem of which the operating com¬ 
ponent is a part; the third identification symbol denotes the next larger subsystem 
of which the simplest subsystem is a part. This general scheme is continued 
until the final identification symbol represents the over-all system that contains 
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1 actuating input 
'May in generol be a vector) 



-oshed lines represent other actuating, 
interfering and modifying inputs) 


q) Simplified functional di 


logrom fora selected input-output pair associated with nr, .• 
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‘'(outMi, = (fo,(mod))(ide„)(U..4q,„,,„^„, 
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Identrf.catton subscrrpt symbols start at the left (nearest to the main symbol) with a direct repre ' r 

varied somewhat for special situations, but will simplify the recognition o'symbols intrs"uCrorLTnt,y' 
positron whil bracket, in the "reference rprantity” 

. OP, ,o.„ p, „„p „ 

Of the same over-aJl system. * 


b) Generalized mathematical expression for the relationship between 

be vectors 


an input-output pair that may in general 


Fig. 10-2. Representotion of operatirtg system functional performance in functional relationship form. 

all the Identified subsystems. In practice, the identification symbols are either 

grouped together to represent a given operating component directly, or they are 

used to form a system of subscript symbols to identify performance-describing 
concepts associated with the identified operating component. 

representation of input and output quantities 

10.4. In Fig. 10-2, the small letter q is used to represent a generalized 
physical quantity. A subscript (in) added to this symbol indicates that the physi¬ 
cal quantity considered belongs to the class of inputs . An additional subscript, 
either (ac), (int), or (mod), following (in), shows that the identified quantity be¬ 
longs to the class of actuating inputs, interfering inputs, or modifying inputs. 
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respectively. Where more than one input of these subclasses exists, the neces¬ 
sary distinction between individual inputs is made by numbers placed after the 
classifying subscripts. 

10.5. A subscript (out) on the physical quantity symbol shows that the identi¬ 
fied quantity belongs to the general class of outputs. Numbers following the (out) 
subscript distinguish between outputs when more than one is associated with a 
single operating component. 

10.6. It is possible to identify physical quantities not only as inputs or outputs but 
also as being associated with a given operating component. This identification is 
made by adding the proper groupof subscripts to represent the operating component 
to the subscripts for the physical quantities involved. Except for special cases, the 
circumstances surrounding the use of symbols for input and output quantities define 
without ambiguity the operating component with which they are associated. For this 
reason, operating component identification is ordinarily omitted from input and output 
quantity symbols. Extensions of the principles described here may be applied at any 
time to completely identify physical quantity concepts whenever this identification 
is required. Many examples of this principle appear later in this book. 

NOTATIONAL CONVENTIONS FOR THE PERFORMANCE OPERATOR 

10.7. Figure 10-3 summarizes the notational conventions for the perform- 
ance operator, which is partially defined in earlier chapters. This concept is one 
of the basic tools of instrument engineering. The capital letters PO, enclosed by 
two square brackets, represent the performance operator. The bar over the P 
shows that the operator considered has vector properties. The series of sub¬ 
script symbols (iden)(l) . . ., starting adjacent to the right-hand operator bracket, 
identifies the operating component whose performance, in functionally relating the 
inputs to a specified output, is described by the operator. The series of symbols 
in the subscript just inside the left-hand square bracket that are separated by 
commas specifies the physical quantities that act as actuating inputs. Following 

a semicolon after the actuating inputs, the interfering inputs are listed with 
separating commas. A second semicolon indicates the start of the series of sym¬ 
bols that specifies the modifying inputs. The symbol following a third semicolon 
represents the output quantity. For illustrative purposes, in Fig. 10-3 the output 
is taken as the j^^ output quantity. The square bracket of the subscript is closed 
after the output symbol, and a final identification symbol (that may or may not be 
required in a given case) completes the subscript. As it is described above, the 
performance operator is intended to represent completely the functional action of 
an identified operating component in establishing functional relationships between 
Us inputs and a selected output. One performance operator of this general form 
is required for each of the outputs associated with a given operating component. 


127 





0 

•o 



Ui 


U) 

I> Z 

o I- 
Z (/) 

iA 

(0 

o 


o 

UI 

♦- 

< 

z 

o 

iA 

Ul 

o 


Ul 

(C 

Ul _ 


i 

< 

iA 
<A 
Ui 

o 

Ui 


> 

z 

o 


Q z 

UJ 

tn 






O 




0 . 


3 2 5 

® V) o 

r ^ 

^ Q 


UJ 

« i/> 5; 


I i: 

a 

Ul 3 

X o 

K X 

o 


!2 5 
Ul s: 


a 

u. 

UJ 


I- 

< 


z X 


Ul 

is 

o ^ 

tA 

o 

O I- 

It 

I 


u. 

bJ 


Ui 


UJ 

o 

< 

-> 

o 

< 


c 

9 ) 

c 

o 

a 

e 

o 

u 

Oi 

e 


2 

O 

w 

• 

a 

o 


n 

o 

B 


C o 


o 

Ul 


^ Z iA ^ 

e C ^ 2 >- * « 
X X ^ 5 ® s < 

s §? s ° 

^ z ^ 
r ^ 40 



X u. § 

2 ui^ 


(0 < 

^ I- ^ 
X 2 o 

5 Ul ^ 
u z 



ffi a 






A 


1 


40 



% 

K 




O 

A 

UJ 


o 


A 

UJ 


1 

A 


z 

A 

a 

A 



> 

Ul 

Z 

A 

w 


A 

Z 

o 

40 

A 




o 



K 

z 


Ul 

>. 


a 

UJ 

X 

z 

A 


£ 

X 

UJ 

K 


a 

u 

s 

H 


o 

Ii 

A 


< 

Ui 

X 

O 

z 

Ul 

a 

UJ 

A 

D 

A 

> 

A 


V/ ^ w ^ H 

(J 41) ^ 9 

O Jii Jir -I S 

2 I 5 ° ^ ° 

* 


Ul 

o 


- 9 40 - 40 

5 ^ ^ 

<10 ID 


Z 

o 

< 

u. 


Z 

Ui 

o 


o 

Ul 

(O 

o 

u 

z 

Ui 

Ui 

X 

< 


!) 

L 




o«! «* g s 

X h I P s 5 



I 

§• 

9 ) 


• 

9 > 

I 

O 

U 


3 

a 

o 


« 

a 


o 

o 


o 

u 


2 S 

a -s 
o 


§ 


E 

§■ 

o 

u 

c 

o 

E 


«) 

a 

2 

u 

> 


•Tj 

4> 

,N 

s 

c 


w -S 

ii 

5 5 

S? 

5 I 

u • 

«l . 


4* e 


'<5 a 

« S 

§ • 

15 

9 e 

«4 9 

9 a 
o o 

^ • 

Si 

a o 


» a 


? « 
t; 

O • 


1-1 
u * 

-s O 

•» ii 

I s 
• -s 

w 

O M 

If 

e ^ 
o 


s S 

2 ® 

> « 


UJ 

K 

o 

z 




128 


operator symbols with complete subscript 













10 . 8 . Vector performance operators formed under the conventions of Fig. 10-3 

are useful and convenient for generalized descriptions of operating system be¬ 
havior and in some special cases may be adapted for carrying out all the theo¬ 
retical details for a design. However, many operating components carry out such 
operations as multiplication, division, and algebraic addition only by scalar 
processes, so that vector performance operators must often be resolved into 
component scalar performance operators. Section a) of Definition Summary 10-1 
shows that the^calar performance operator is identical in form with the vector 
performance operator except that the bar over the PO inside the operator bracket 
is omitted. The conventions for the formation of subscripts that have already 

been explained for vector performance operators are applied to scalar perform¬ 
ance operators. 


fPOWxi),Output Scalar Per- 

ronnaDce Operator for 
(iden)(l) ... Identified 
Operating System 

The scalar performance operator represents the scalar action on the output of the operation of the identi 
^ operating component when the effects due to all the essential inputs are considered. 

Subscript conventions for scalar performance operators are identical with the conventions for vector perfor- 
manc e operators as specified in Fig. lQ-3. - -- 

oj Generalized scalar performance operator for output of identified operofing componenf 


[PF] 


(ideoKl),... ^ 


(ln)(lnt)(l) 




(In)(mod){l)» 


• • 


q 


(cut)(J) 


](iden)(n) 


- :tfa 


Output Performance 
Function for (iden)(!)... 
Identified Operating Sys 
tern 


The performance function is a special form of the scalar performance operator. It is a scalar function with the 
special property that a series of operators representing the performance of an open-chain combination of operat- 
ing components may be used in the expression for over-all performance without regard to order. 

Performance functions often have product - type combinations of input quantities as their^M^ents. 

In general , more chan one performa nce function with its corresponding input function product argument will be 
required to completely describe the j™ output performance ^ an operating component. 

Subscript conventions for performance functions are ideotical with the conventions for vector performance 
operators as specified in Fig. 10-3. ' 

The form used for the enclosing symbols of the input - ouq)ut subscript i s especially important. 

1) When square brackets are used, i.e., [ ], the performance operator is complete, carrying with it all 
pertinent dimensions and an algebraic sign. 

2) When straight vertical lines are used, i.e., | |, the performance operator carries all pertinent dimensions, 
but only the magnitude of the operator is represented. 

3) When convenUonal curved brackets ,are used, i.e., ( ), the subsc ript is for identification purposes onlv- 

no dimensions arc associated with the operator. ’ 


h) Generalized performance function definition and notation conventions 


Definition Summary 10-1. Scalar performance operator and performoice function. 
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q . ' 


•. q \ 

’ ‘ • W- V • I IL 


[PFl 

^ *^^(iden)(n,...(q 


uh 


<-)U) q,.n,(3c),i))--.fuc),.,(q(i„Kac,(M)f(.od)(lK^ 

‘ ••• actuating inputs component of j'h output of (iden)(l) 


ere 


f 


identified operating component 


la 


cKi/q(in)(ac)(i)) = of i''’ actuating input; 


f 


(ac)(k)(q(,n)(acKk)) = f^ootion of k'*'actuating input; 

|(mod)(I)(q(jn)(n,od)(l)) = ^"‘^“on of first modifying input 

Co„„p..a,., ’ ”• *' «■■■•■"* ."pp. 

mnction products to completely account for all the input o ^ "‘■“'ber of actuating input 

■be action of the (idenKU ... identified operating component' relationships that exist because of 

ponding ,0 the actuating -pr'fu^c^ToXZ^ ™">P°nonts corres- 

(onction product components are identical with the j- ® *ese interfering input 

product components except that the -‘>-^-P-ynihoi:Ta:r:e 
o) Representation of one component of the ,*>' output of an , f J 

.L . :::r zrzzz:.'” 

(outUj) = f'^(out)(i)][q _ 1 + fn 1 , 

Un)(ac)(l)*-*l(in)(ac)(k)J ^ t"* (In 1 flnt 1 f n**'^ / ] 


pat c-Ua7nTs"e°ic;,':f'whtrdepe;i"^^^^^ by a sum of out- 

.IS senes of terms must he Lende^ ^^i^— 

b) Complete representation of the output from an (idenXl) irienff w 

input funrtl T. Operating component as a sum of 

input function product components. 

Definition Summery 10 - 2 . Representation of the output from on fidenlfn idom f d 
opera.,p, c.ep.„e„, i„ ,, .pdTpI.'SIi-pi';!''^ 

PERFORMANCE FUNCTIONS 

^ 10.9. A specialforraof the scalar performance operatoris the performance 

thiseonceptisrepresentedbythemainsymbol[PF], withsu^riptsadded 

according to the conventions described in Fig. 10-3. By definition, performance 
unctions are scalar functions that may be combined without regard to order for 
e representation of performance for chains of operating components. Section b) 
of Definition Summary 10-1 gives the generalized symbol for the performance 
function and illustrates the use of a set of subscripts for identification purposes. 

10.10. Many operating components establish relationships between product- 
type combinations of functions that depend upon several inputs. This fact makes 
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ntten 


... + [PFl. 


The effect of all actuating inputs on the j* output ma> be w; 

(out)(j) (lden)( >>"-['i(inl(ao)(i)> —<1 j](ideii )(n) 

or, in summation form 


^ ^^(ac)(o)(‘l(m)(acXl)^-^(ac)(k/‘l(i„)(ac)(t))-^(mod)(l)(‘l(in)(mod)(l)^-! 


nj Representation of the actaating and mod,tying ,nputs on the oatpat of an (idenXl)... identified operating 

system in terms of formally extended input function products. 


VutKi, = r . ,,„„„„](idea)(„)(IFP),^^,,.___^^ 

Sum token over the number of terms required to introduce effects of ail 
actuating inputs on the output. 

+ ^ [PF] 

Sum taken over the number of terms required to introduce effects of all 
interfering inputs on the output. 

where by definition 

^ Vc)(i...k) ^^(ac)(i/^(in)(ac)(i))'**^(ac)(lc/^(iQ)(ac)(k)^^(iDod)(l/^(iD)(mod)(l))"*l 

= to k^^ actuating input function product 

f'^P)(ine)(o...p) = ^^inO(o)(‘l(in)(io<)(o))-f(i„t)(p)('l(i„)(ia,)(p)H(„od)(i,(q(i„)(„„j)(,))...l 

ih th 

= 0 to p^" interfering input function product 

Input function products may contain all three types of inputs when this is necessary to describe the effect of 
any input on the j output of the (iden)(l)... identified operating component. 


b) Representation of the actuating, modifying and interfering inputs on the output of an (idenXI)... identified 
operating system with the input function products replaced by the symbol (IFF), with appropriate subscripts. 


Definition Summary 10-3. Formal representation of the output from on (iden)(l)... identified 
operating component in terms of performance functions ond input function products. 

it convenient to use combinations of inputs as entities in the practical use of 
performance operators. In general, a selected output from an operating compo¬ 
nent may not be expressible solely in terms of a single performance function and 
one inpu t function product argument. This means that the complete expression 
for the output of an operating component may naturally break down into parts, 
or components, each of which is controlled by a different input function product 
and a different performance function form. Section a) of Definition Summary 10-2 
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to ,th "complele with idenlltying subscript., for the it" 
acluatmg mputs component of the j'" output. Section b) of this definition 
summary shows the i‘" output expressed as a sum of input funcurprodrcrcl 

r;„?coCre:r'' ‘ 

expriss!™ tor'tTe"i‘" >“-33hows theexpandedformofthe 

sum Zf , ^ component wrttten as two 

mmatio^, one for components controlled primarily by actuating Inputs and onefor 

omponents controlled primarily by interfering inputs. In order to simpUfy thl 

reftoitton' => »t t"" 


Hill 


a/ ui uie 

the symbol (IFP) (initials of the words input 

pro^) ^vith the subscript (ac) or (int), for either actuating or inteT^^- 
ng input, and a set of symbols identifying the specific inputs involved. 

PERFORMANCE FUNCTION RATIO FUNCTIONS 

10.12. Instrument engineering problems may Involve operating components 
hat ave several Inputs of comparable Importance. 1. is ordinarily convenient 

to select one of the inputs as the reference input and to express the effects of all 

toe other inputs on the output uuder consideration In terms of this reference input 

Th s need for expressing the effect of one input In terms of anotherliTput le“ad~ 

to the concept of the performance function ratio function . which Is given the main 

symbol (PFRF) and carries a system of subscripts based on the conventions 
summarized in Fig. 10-3. 

10.13. In Definition Summary 10-4, section a) shows in symbols and in words 
thyelationships between the performance function ratio function and the concepts 
defined in previous figures. Reduced to its simplest terms, the procedure for 
orming performance function ratio functions is to select one input function 

product as the r eference funcUon product and to divide each term of the set 
required to completely express the output by the referen ce performance func- 
Uon^ which IS the function in which the reference input function7roduct appears 
as the argument. The reference performance function is then taken outside of a 
bracket which contains a term consisting of the reference input function product 
and two summations. One of these summations is for the actuating inputs and 
one is for the interfering inputs, their terms being made up of performance func¬ 
tion ratio functions with the corresponding input function products. The resulting 
form is given i n Eq. (1) of Definition Summary 10-4. 

“ "dividing” one performance function by a second 

LloTh ^ would produce a ratio withthe nature 

the f ^ th^ h“ u- Igaio ftm ction instead of ratio in the terminology involved here recogni2es 

the fact that the specified combination of performance functions will, in general, result in a function rather than 
a single scalar ratio. 



- fPFl 

l("=P)(ac,(ref)(1.0 ^ ^ (PFRF)„ 


(IFP) 


where by definition 


Sum over number of terms required to introduce effects of all actuating inputs on the 
output except those in (1-r) actucrtinq input function ref«’ence product. 

Sum over number of terms required to introduce effects of all interfering inputs on the 
output. 




[PF]. 


( 2 ) 


(i‘‘e°)(l),-[l,ln)(.cl(l)--‘'(.n)(c.c)(k)-‘l|au.)())](‘‘^‘°)(°) 

V i* and actuating input function product — reference input function 
product performance function ratio functions. 

(PFRF)(idan)(I)....[(IFP),^„,,^.^.(.FP,,^^,,^^,,,,.J(idea),„) 

fPF] 

= to interfering input function product —reference input function 
product performance function ratio functions. (3) 

o) Definitions and symbols for performonce function ratio functi< 


ions 


Performance function ratio functions show the relative effects of various input function products on a specified output 
as compared with the effect of the input function product chosen as the reference input function product. In formal sym¬ 
bols, this statement depends upon the relationships: 


t‘l(out)(j)\lFP) 


(ac)(l-k) 


[PF],: 


(IFP) 


(‘'^‘")(l).-[q(ln)[acl|l),-'’llnl(acHt|;‘i(aatlll|l(i‘i“)<°)^ ^ac)(i-k) 


[q 






(PFRF) j 

- ''^'^'''^^(i<i*n)(l)..4aFP),„^,,,.,,;(IFP>,^^,,^^,,„,,,](ida„)(a)j(iFpr 


(ac)(i-lc) 


( 4 ) 


(ac)(ref)(lT) 


so that 


(PFRF)(idan){i),...[(lFP) 


f‘l(out)(iP(lFP) 




th : 


(ac)(l-k) 


(ouO(j)\lFP) 


(acHrel)(l-r) 



^^^^|(ac)(ref)(lT) 
**^^^(ac)(i-k) )( 5 ) 


For the special case of equal effects from the (i-k)“ input function product and the reference input function product; i.e. 
when 


then 


^‘'(out)(j)J(IFP) 


<ac)(l-k) 


- [q 


(out)(i)](IFP) 


(ac>(ref)(l-r) 




(IFP) 


{ac)(ref){ 

= (PFRP)(;den)(l)...[(IFP) 




or 




( 6 ) 


(l*^R)(ac)(rcf)(l-r) 

“(IFP) 


(ac)(i- 


Id words: 




(IFP)-_ [‘*(out)(])]{IF 


(ac)(l-k) 


P) 


(acl(ref)(l-r)J 

(7) 

The i“ to k“ actuating, input function product-referencej rRatio of reference input function product to i^^ to 
input function product performance function ratio function (function product for equal effects on the output 

If interfering inputs are considered, instead of actuating iiq>uts, die equations above remain unchanged in general 
form, but subscrqits (ac) must be replaced by subscripts (inc). 

b) Relationship of performonce function ratio function to the effect on the oufpuf from o specified input foncfion product 

and to the corresponding output effect due to the reference input function product 

Definition Summary 10-4. Definition of performance function ratio function and relationship of this quantity 

to the inputs of an operating component required to produce equal output ejects. 
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tween the performL!!e''functi"*^*° develops the relationships be- 

c>efinl.io„ spm^ary ,s .he ratio of .he T'"‘" °' 

eomponen. „, .he J*" ou.pa. eoiiiponeh. to the reieren.ZTL 
component of this output comoonen, u,a.„ .a. 


component of the output coniponeu. to the ref re^Tnl"! '7““" 

component of this output eomponenl. When the ratio of I 7 

>S written as a properly identified performance funrt, '“"Ctlons 

m Eq (5) of Definition Summary 10-4 that this funrf -^!E£5!2!!. It appears 

the to actuflfint. ,- * / ^ function is equal to the ratio of 

ponent, multiplied by the ratirortlrrr''^'^^ reference input output com- 

•o actuating i„pu: furirorct poT.;: 

-t. .corn .Ees.and;o.„:oV;:;:;‘:r”r^:::r:";- “-p-s 

product - reference input function n h ’ *-actua^ input function 

duces to lection r^ function re- 

product. This fact, which is expressed'""'' ' to k^put function 

-ry 10-4, provides a simple m'ethod pt^’ 

functions for actual equipment It ic i ^ Performance function ratio 

value of the reference input function pToducrfoI^th^^ Practice to apply a known 
and then to counterbalance its effect on th ^ operating system considered 

input function product involved Thl ra^br'^lr"'^ 

IS then a direct measure of the corresno ri- function products 

the corresponding performance function ratio function. 
sensitivity and time response function 

compon "ts CD. ^e into 

The first compoaen. of the Tern r , ? "" ^ ““ W' 

paragraph 4 4 of Chapter 4' Th the^ensitivity, which is defined in 

called the tae rnponse functionTT “ 

tlvmesandtlmeresponsetunctlonscarryasystemofsub»““'m'' 

Chosen to account so far L 

i:T:nTn:= 

annr - - 

sensitivity and time-response-function components. 
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[PF](, 


den)(l),...[q 


^ ^ Hac)( D’“■’'*{ In )(ac}(k)’** (In )(mod)( 1‘lou t) (J) * 

(‘''")(')”"['’(ln)«.c)(i)--‘!(in)(<.c)(l=):‘l(ln|(„,od)(ir--'‘>(ou,)())]<‘'^"">{"> 


where by definition 

j , ](iden)(n) 


( 1 ) 


(TRF) 


•Un)iacMk)”(ln)imod)( 1 ) (ou t )(J ^ 

= i to k actuating input output sensitivity of (iden)(l)..,identified operating component 


(idenK l),...[q,. 


= i^^ to k 


ch * * 


- 1 to k actuating input | output time response function of (iden)(l)..adencified operating 
component 

By definition^ both sensitivity and time response function, in general, depend upon the way inputs vary with 
time, and 

1. The sensitivity has all dimensions that are associated wdth the performance ratio except (possibly) time 

2. The time response function may have dimension of time or it may be dimensionless. 

3. The sensitivity is a scalar factor relating magnitudes of the output to the corresponding magnitudes of 
the input. 

4. The time response function relates the instant a given input magnitude occurs to the instant the corres¬ 
ponding output magnitude occurs. 

a) Definitions of sensitivity and time response function 

[pf] 


= s.. 


*‘'*'n)(^*’."[‘*(ln)(ac)(l)> — q(ln)(<ic)(k)’ ^ (In )(mo d) (1 ) 




where 




( 2 ) 


s.. 


(‘‘''“)<l),-[''lln)«. = )(l)'-q(In)[ac)(kl*q(ln|(mod)(n--:q(ou.)())](‘<''")(")(r'') 

= i'^ to k^ actuating input output reference sensitivity of (iden)(l),...identified operating 
component 

^'*'^^^(‘'*'">(')’-[q(dn)(ocHl)'-''(ln)(ac)(k|:q(ln)(mcd)(l)’-=‘'(cn.)())](‘'‘'n)(")(ref) 

= CO k^ actuating input output time response reference function of Ciden)(l),,..identified 
operating component 

By definition 

1. The reference sensitivity has all the dimensions associated with the performance ratio except (possibly) 
time. 

2. The referense sensitivity is a special constant or varying form of the sensitivity corresponding to some 
convenient pattern of operating component performance. 

3. The time response reference function is an arbitrarily chosen example of the time response function. 

b) Definitions of reference sensitivity and time response reference function 


Definition Summary 10-5. Definitions of sensitivity and time response function. 


10.16. Sensitivities and time response functions are readily adapted to the 
description of relative effects produced by various input function products. In 
formal terms, comparisons of this kind are made by the use of a reference sen¬ 
sitivity and its companion time response reference function. By definition, the 
reference sensitivity is chosen in such a way that it corresponds to some con¬ 
venient pattern of operating component performance. This characteristic 
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( 2 ) 


will not be the same as the tLe'respons'e flVZ^^prrTng 
of a given performance function Tho PPearing in the general form 

reference sensitivity and the time r symbols associated with the 

tion b) Of DefinitionlC; rs sec 

sensitivity ratio and time response function ratio function 

r„:r- - 

of the reference sensitivity corresponding to a given Input 
notion product to the reference sensttlvtt, cor^espontTng 
to the selected reference input function product 

Imll ’ fsteoence 

nnclton corresponding to a given Input function product to 

the time response reference function corresponding to the 
selected reference input function product 

i^ori^allon V 

relationships to the performance f function ratio functions, and their 

10 20 sT '“'‘'O" 'Of an Identified operating component 

==H“~=E~~ 

each one of the component performance functions may be written as the „rod„rI 
Of a reference sei^itlvity and a time response reference 1^0 fn^ 

iizTZTr ~ f efere:; l:.! Tuir; 

Lldlna 1 th '“"o«on cor- 

oriC sit ml If'"'' “““O'' ‘"‘0 each term 

IncefftT' ,""'“1“' '“action for the reL- 

Slde th f f" ‘ “ '“‘■ge bracket. The first term in- 

side tlun large bracket Is an empty bracket with (ac)(ref)(l.r) as Its subscript, 

mlf! Iha reference input function product, which is made up of actuating 
tnputs designated as 1 to r. Is to be placed in this position when the performance 
operator is used to develop an expression for the )•* output. The remaining terms 
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icentified input function product in the comparison variable position. This special 

cu.e of subscript location is made in order to simplify the interpretations of the sensi¬ 
tivity ratio and the time response function ratio function. For example, in the simple 
situation in which the time response function is equal to unity, the specified input 

“ reference input function product sensitivity ratio is equartcr~ 
the ratio of the change in the reference input function product to the change in the 
specified input function product required to have equal effects on the selected 
output. This means that the significance of the basic subscript pattern is actually 
preserved by placing the reference input function product in the compared quan¬ 
tity position of the sensitivity ratio subscript because in this case the reference 
input function product is actually the compared quantity, with the specified input 
function product as the reference quantity so far as equivalent output effects are 
concerned. line of reasoning similar to that for the sensitivity ratio can be 
used to justify the use of the reference input function product in the compared 
quantity position, and the specified input function product in the reference quantity 
position of the subscript of the time response function ratio function. 

10.22. Details of the definitions and notation for sensitivity ratios and time 
response function ratio functions are given in Definition Summary 10-6. 

SIMPLIFICATIOKS IN PERFORMANCE FUNCTION NOTATION FOR PRACTICAL APPLICATIONS 

10.23. Practical applications of performance functions are facilitated by 
simplifications that are possible in many situations. Certain of these simplifica¬ 
tions are shown, step by step, in Definition Summary 10-7. The performance 
function symboU with a full subscript system foUowing the conventions established 
in Fig. 10-3. is very useful as a concise means for completely describing the 
behavnor of an operating component. However, the complete symbols are too 
complex to be suitable for many applications. This complexity can usually be re¬ 
duced by reasonable assumptions with regard to the physical situation represented 
by the symbol. Several circumstances that permit symbol simplifications are 

I 1 ^ ^ li^ ^ \ .. 


listed below: 


Modifying inputs with 



values — In practice, the 



lodifying 

levels 


inputs to an operating component are often set at 
and, for this reason, are removed from the class of variables. 
The existence of constant modifying inputs is recognized by re¬ 
moving these inputs from the input-output subscript bracket of 
the performance function. 

Single input — For design, analysis, and specification purposes, 
it often happens that one input is of primary importance in the 
sense that all other inputs may be taken as constant or as having 
a negligible effect on the output under consideration if they are 



GEKERAL FORM 


SPECIAL FORM 


[PFl. 




When all modifying inputs aro constant (do not 
appear as variables in the situation considered.) 




Note; 1. The performance function to the right of the arrow is in general different in 

dimensions from that to the left of the arrow. , a a 

2. Numerical values associated with the right-hand performance function epen 
upon the magnitudes used for the constant values of the modifying inputs. 

3. In general, the omission of modifying inputs from performance function su 
scripts means that these inputs are not essential variables lor which the 
operating component is considered. 

4 Performance function symbols for interfering inputs, instead of actuating in- 
puls, are formed by replacing subscript symbols (ad by subscript symbols (int) 




V.’hen only o single octuatinq input is important, 
or the operating component is sensitive to only 
a sinale variable. 


[PF] 




Note: The use of a single input symbol in the subscript means that only one inde¬ 
pendent variable is important for the phase of operating component performance 
described by the given performance function. 


[PFl 


(idenKl)»'»*[q 


;q ,](iden)(o) 

(ln){ac) 


V/hen a single subscript gives 
sufficient identification or when 
no misunderstanding of a more 
complicated situation is possible. 








When the only distinc¬ 
tion between input and 
output quantities is im¬ 
portant, without need 
for differentiating be¬ 
tween actuating and 
interfering input^. [PFl: 


When input and output 
quantities ore replaced 
by reference and depen¬ 
dent quantities that are 
functions of the input 
quantity and output 
quantity respectively. 


(id)[q 




[PFl,i 


<i>[q 


re 


f>^d 


ep 


] 


Note: The performance function for reference and dependent quantities is m general 

irAm thf» inout ouantitV — oulput quantity performance function. 




tef’‘ldep^ 


When the context insures thot misunderstanding ^ not likely, 
the performance function symbol may be simpliiied. 


[ppr 

Single Greek letter 
Single English letter 


Single letter or nurrrber subscripts us required moy be added to simple symbols for performance functions 

Definition Summary 10-7. Simplified forms of performance function symbols. 


not constant. In this situation, the distinction between input 
quantities is no longer necessary, and the symbols inside the 
input-output subscript bracket of the performance operator may 
be shortened to represent a single input and a single output. 
Simplified op erating component identification^ — When any reason- 
ably extended discussion of the performance characteristics of 
a given operating component is to be carried out, it is ordinarily 
easy, without any possible misunderstanding, to reduce the 
number of subscripts necessary to identify the component. This 
is possible because all necessary identification may be made 
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with a single subscript symbol. In Definition Summary 10-7, the 
complete identification group of subscript symbols is shown as 
reduced to one symbol, shortened to (id). 

2^ distinction between actuating and interfering inputs — When 

the distinction between actuating input quantities and interfering 

input quantities is unimportant, the (ac) and (int) subscripts may 

be omitted from the input quantities symbols in the performance 
function subscript. 

SUBSTITUTION OF REFERENCE AND DEPENDENT QUANTITIES FOR INPUT AND 
OUTPUT QUANTITIES 

10.24. For many purposes, it is convenient to consider the performance of 
an operating component in terms of a reference quantity and a dependent quantity 
instead of inputs and outputs. These quantities are, in general, related to~the 
inputs and outputs by the quantity transformations described in Definition Sum¬ 
mary 10-8. This means that a performance function may be written with the 
reference quantity in the reference quantity subscript position and the dependent 
quantity in the compared quantity subscript position. As illustrated in the last 
symbol on the right-hand side of the lowest line of Definition Summary 10-7, the 
performance operator symbol may be reduced to the minimum complexity con¬ 
sistent with a reliable identification of the reference and dependent quantities and 
the operating component concerned. 

PERFORMANCE FUNCTION REPRESENTATION 

10.25. The ultimate simplification of notation for the representation of per¬ 
formance functions is to remove all subscripts from the main symbol. This pro¬ 
cedure is not usable in complex situations where a number of different perform¬ 
ance functions are involved, but simple number or letter subscripts will ordinarily 
supply all the necessary identification. It is also possible to represent perform¬ 
ance functions by means of single Greek or English letters. Symbols of this type 
are particularly adapted for use as working variables during the formal design 
and analysis phases of instrument engineering work. Many examples of simple 
working variable symbols appear in Volume II. 

QUANTITY TRANSFORMATIONS AND QUANTITY TRANSFORMATION RA.TIOS 

10.26. It is so often desirable for instrument engineering probiems to change 
the variables associated with the performance of operating components that it is 
worth while to develop concepts and notations for concisely describing transfor¬ 
mations among physical quantities. For obvious reasons, changes of this kind are 
called quantity transformations, and are given the main symbol (QT). Quantity 
transformations involve relationships between physical quantities, so that to be 
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self-defining their symbols must include subscript provisions for indicating the 
quantity 'transformed from" and the quantity 'transformed to." The quantity 
'transformed from" is, in effect, treated as the reference quantity, so that its 
symbol appears at the reference position in the quantity transformation subscript. 
The quantity 'transformed to" corresponds to the compared quantity considered 
in the general scheme of subscript notation, and its symbol is given the compared 
quantity subscript position. In general, quantity transformations are based on 
natural laws and definitions, so that they are not directly associated with an 
operating component. This means that quantity transformation subscript systems 
do not have to include provisions for symbols to identify operating components. 

In special cases, the identification of quantity transformations may be required. 
Under these circumstances, additional subscripts may be added, when they be¬ 
come desirable, so as to satisfactorily identify some necessary relationship. 
Equation (1) and the definitions immediately below it in Definition Summary 10-8 
define the quantity transformation in words and symbols. Equations (3) and (4) 


By definition 




lout = 


ep 


( 1 ) 


where 


(QT)[ 




Reference quantity — input 
quantity transformation 




Dependent quantity — output 
quantity transformation 


In equation form 


‘•out - 


Using the quantity transformation definitions 
flout = fldcp(QT)[,,.„;,^„,] = 


dep 


so that 




ep 


where by definition 


(QT)r 1 Dependent quantity, output quantity 

^^reT^iiL. = reference quantity, input quantity 


(QTRlfq^^^.q^^ ,q^ef;qi„l (QT)j'^ ] transformation ratio 




dep’^ou 


( 2 ) 


( 3 ) 


( 4 ) 


Using this definition 




dep*^out*^r«r^ln 


( 5 ) 


For the purposes of analysis and design it is convenient to use g»erali«d reference and dependent quantities 
as the independent and dependent variables, respectively, in the form 


fldep = f’*^\id)[q,e(:quepl‘'"' 


( 6 ) 


--.. ..OV not always have the forms of scalar functions. If they involve functions of other types of 

* rT ^os The symbol (QTR) will become .he symbol (QTRF). for ,uan.lty frans.ormaflon ratio lunctlons 

quantity transformation ratios, the syaxooi v'S / 

n r '♦* ^nmmnru 10-8 Definitions and relationships for quantity transformations and changes 

m ood d.p.nd»,.-,u.„.i,y ™,i.bl.. 


141 



Illustrate the use of the quantity transformation for changing from input and output 
quantities to reference and dependent quantities as variables. For purposes of 
making transformations of this type, it is convenient to define the quantity trans- 
formation ratio, with the main symbol (QTR). By definition, the quantity trans- 
formation ratio is the ratio of one quantity transformation to another. A pair of 
symbols representing the 'transformed to" and the 'transformed from" quantities 
for the quantity pair of the quantity transformation placed in the denominator of 
the quantity transformation ratio are separated by a semicolon and placed in 
the reference quantity subscript position. The corresponding pair of 'transformed 
to" and transformed from” quantity symbols for the quantity transformation used 
in the denominator of the quantity transformation ratio are placed in the compared 
quantity subscript position of the quantity transformation ratio. This second pair 
of symbols is separated from the first pair of symbols by a colon. 

10.27. The particular usefulness of the quantity transformation is to formally 
provide for the replacement of input and output quantities in performance func¬ 
tions by reference and dependent quantities. Equation (5) of Definition Summary 
10-8 shows that the reference quantity — dependent quantity performance function 
is equal to the input — output performance function multiplied by the dependent 
quantity, output quantity — reference quantity, input quantity transformation ratio. 

The final equation, (6), of Definition Summary 10-8 gives the formal expression for a 
dependent quantity in terms of a reference quantity and the reference quantity — 
dependent quantity performance function determined by the performance of an 
identified operating component. This form is very often useful as the basis for 

carrying through the theoretical reasoning necessary for analysis and design 
work in instrument engineering. 
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CHAPTER n 


APPLICATIONS OF STATISTICAL METHODS TO 

INSTRUMENT ENGINEERING 


Uncertainty is one component of the difference between the actual level of 
a physical variable and the correct level. The other component of this difference 
is error, which is the difference between the averaged, or smoothed, level of the 
variable and the correct level as these concepts are defined in Chapter 9. 

In general, error may be treated by the procedures of conventional analysis. 
On the other hand, uncertainty can be handled only in terms of probabilities by 
the methods of statistical analysis ; i.e., it is not possible to predict exactly the 
uncertainty associated with a given indication of a physical quantity, but the 
probability that the uncertainty will fall within certain limits may be stated with 
some degree of confidence. It is the purpose of this section to give a condensed 
review of the parts of statistical analysis that are generally useful for instrument 
engineering and to provide diagrams and tables adapted for convenient use by 

engineers. 

The material that follows is taken directly from a publication prepared for 
Instrumentation Laboratory, Massachusetts Institute of Technology, by H. B. 
Brainerd, who has given particular attention to the study of probability theory 
used in the Laboratory. Brainerd's material is presented here without modifica¬ 
tion. 
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PROBABILITY FOR INSTRUMENT ENGINEERING APPLICATIONS 


H. B. Brainerd 


FUNDAMENTAL DEFINITIONS 

11.1. The mathematics of probability deals with uncertainties, also called 

random variables, or statistical quantities . The values of these quantities do not 

adhere individually to any systematic law, but en masse they do follow definite 
laws. 

11.2. Let X = a variable which obeys the normal probability law. This law is 

a mathematical concept which idealizes the actual occurrence of many physical 

variables such as uncertainties in measurements. It is also called the Gaussian 
probability law. 


11.3. The average value of x is defined as 


n 


(Av)x = Jl X. 

" i=l 


( 11 - 1 ) 


where x^ is a typical value of x, and n is the number of typical values considered. 
11.4. The deviation of x, for each typical value, is defined as 


(D)x = - (Av)x. 


( 11 - 2 ) 


11.5. When x is considered to be made up of a constant correct value and an 


uncertainty 


^ = ^(corr) + (U)x, 


(11-3) 


(corr) 


and (D)x is the best estimate of (U)x for 


(Av)x is the best estimate of x 
each value of x.. 

L 

11.6. The standard deviation of x is defined as the root mean square of the 
individual deviations of x: 


(SD)x = (RMS) [ (D)x] = V (Av) [ (D)x] 


(11-4) 


11.7. The average deviation of x is defined as the average of the magnitudes 


of the individual deviations of x; 


(AD)x = (Av) I (D)x I 


(11-5) 
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11.8. Either (SD)x or (AD)x is a convenient parameter for expressing the 
effective spread of a set of values about the average. The choice of which to use 
is largely a matter of convenience. If a slide-disk calculator is available, (SD)x 
is the easier to compute, but if the work is done arithmetically, (AD)x is the 
easier. If (AD)x is used, it is good practice to sum positive and negative devia¬ 
tions separately. Then the equality in the magnitude of the two sums, i.e., posi¬ 
tive and negative deviations, 



( 11 - 6 ) 


checks that the arithmetic is correct to this point. If x obeys the normal proba¬ 
bility law, it can be shown that (AD)x = 0.7979 (SD)x. In practice this relation 

will hold approximately rather than exactly. 

11.9. The deviation — standard deviation ratio of x is defined as 


(D(SD)R)x 5 


(D)x 

(SD)x 


(11-7) 


11.10. The deviation — average deviation ratio of x is defined as 


(D{AD)R)x 5 


( 11 - 8 ) 


(AD)x 


11.11. The use of either of these dimensionless ratios allows the behavior of any 
variable, x, which follows the normal probability law to be described by a dimen¬ 
sionless function and two parameters: (Av)x, which expresses the central value, 
and either (SD)x or (AD)x to express the range of deviations from this central 

value. 

11.12. The probability of any specified event is defined as a number between 
zero (i.e., impossibility) and unity (i.e., certainty) which expresses the expecta¬ 
tion that this event will occur. This definition implies the existence of theoretical 
or empirical evidence permitting assignment of a numerical value to the proba¬ 
bility, and a defined range of possibilities which includes the specified event. 

11.13. The numerical value of a probability expresses the expected ratio of 
specified events to total possibilities when a very large number oftrials are made. 
Two events which are equally likely have equal probabilities. The probability of 
one of several mutually exclusive events is the sum of the probabilities of these 
events. Represent the probability of a specified event with the symbol 

(P) { specified event } 


11.14. To apply probability to the numerical values of a variable, consider a 
variable, x, which may fall anywhere within the limits *(lim)n- Assume 
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that this range canbe divided into n increments to 

■''tlim)n^ which may differ in size but which have the property that a typical 
value of X is equally likely to fall in any one of the increments. Then, since the 


range from to covers all possible values, it is certain that a typi¬ 

cal value of X will fall between them, i.e.. 


<'■» l’‘(llm)0 < *1 < '‘(llm)nl = '■ 01-9) 

Since the n increments add up to the whole range, and since it is equally likely 

that X will fall in any one of them, the probability of x^ falling in the k*"*^ incre¬ 
ment is 1/n, i.e.. 


O’) l’‘(lim)(k-l)<’‘l < »(llm)kt ‘' 


( 11 - 10 ) 


and for a sequence of d increments, the probability is d/n, i.e., 


! ^(lim)(k-l) < ^i < ^(lim)(k.t-d) 1 "(H-H) 

The conventional methods of the calculus may be used to extend this treatment 
to the limiting case of an infinite range of values and infinitesimal increments. 

11.15. At this point it is convenient to introduce two more parameters, either 
of which may be used in place of the standard deviation or the average deviation. 

11.16. The probable deviation of x is defined as that deviation for which the 
probability of a typical value having a smaller deviation is one half, i.e,, 

(P) I I (D)x I < |(PD)x| j =±. (11-12) 

In other words, (PD)x is the magnitude such that one-half the individual devia¬ 
tions can be expected to be smaller, and the other half larger, than (PD)x. If x 
obeys the normal probability law, it can be shown that (PD)x = 0.6745 (SD)x. In 
practical cases this ratio will hold approximately rather than exactly, 

11.17. The deviation — probable deviation ratio ^^is defined as 

(D(PD)R)x = -M?- (11-13) 

(PD)x 

11.18. The modulus of precision ^f x is defined as 

(MP)x = - ^ - (11-14) 

(SD)xvT 
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Since six deviations range from 0.05 ma to 0.55 ma, and the other six range from 
0.75 ma to 1.75 ma, (PD)x lies between 0.55 ma and 0.75 ma. The value of 
0.6745 {SD)x called for by the normal probability law, 0.67 ma, lies near the 

middle of this range. 

Note that, in general, averages and deviation parameters should be com¬ 
puted to one more decimal place than the original data. 
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normal probability functions 


11.19. The normal probability frequency function of x is defined as 


(NPFF)x =- 

(SD)x ^[^ 


(11-15) 


This function (often called 'the bell-shaped curve") is illustrated in Fig, 11-1. it 
describes the relative frequency of occurrence or "probability density" of any 
variable which follows the normal probability law. 


Standard Deviation of x 
(SD)x = (RMS) ((D)x] 

(P) ||(D)x| s l(SD)x|l . 0.683 


Reciprocal of Modulus of Precision of x 




= 0.8427 


Probable Deviation of x 
(P)||(D)x| S |(PD)x|( 

= (P)||(D)x|? |(PD)x|(=0.5 
(PD)x = 0.8745 (SD)x 


0.4 


Average Deviation of x 
(AD)x s (At) |(D)x| - 0.7m (SD)* 
(P) (|(D)x[ S KAD)x|} . 0.5740 


.3 

'I— 

O £ 
■2 S 

■g s 

I ° 

CO 


e .. V 




0.1 


-10 1 

Deviation - Standard Deviation Ratio of x, 

Deviation of x. fD)x«x . fAvlx 
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11.20. The normal probability frequency function has the following useful 


properties: 


(1) The area under the (NPFF)x curve between any two limits is the 
probability that a typical value of (D{SD)R)x will fall within these 
limits, i.e., 


[(D(SD)R)x],„^, 


[(D(SD)R)x],i,„)^ 





[(NPFF)x]d[(D{SD)R)x] 




= (P)][(D(SD)R)x](^^)^.< (D(SD)R)X < [(D(SD)R)i]m„,,b} 


(2) The total area under the (NPFF)x^urve is unity, and the proba¬ 
bility of a typical value of (D(SD)R)x falling outside any limits is one 
minus the probability of its falling inside the same limits, 


[(D(SD)R)x](ii^, 


00 


[(NPFF)x]d[(D(SD)R)x] 


[(NPFF)x]d[(D(SD)R)x] 


— oo 


[(D(SD)R)x],i,„,,b 


[(D(SD)R)x],n„)b 


= 1 - 


[(NPFF)x]d[(D(SD)R)x] 


(ll-17a) 


[(D(SD)R)x](„„,, 


[(D(SD)R)x] 


(lim)b 


[(D(SD)R)x] 



(D(SD)R)x < [(D(SD)R)x],„_^, 


= (P) < or 


(11-17b) 


(D(SD)R)x > [(D(SD)R)x],i„„,t 


= 1 - (P){l(D(SD)R)x],i,„,,^ < (D(SDm)x < [(D(SD)R)x],^,„, J (ll-17c) 


(3) The (NPFF)x curve is symmetrical, so that equal positive and 
negative deviations enclose equal areas with equal probabilities. 


0 



+ [(D(SD)R)x]m^) 

[(NPFF)x]d[(D(SD)R)x] 

0 

(P)f [(D(SD)R)x]nj„,, < (D(SD)R)X < 0 f 
(P){0 < (D(SD)R)x < + [(D(SD)R)x]m^,} 



(ll-18a) 


(ll-18b) 

(ll-18c) 
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11.21. Two choices of limits for the integral of (NPFF)x are important 
enough to be given specific names; the normal probability distribution function, 
and the normal magnitude probability function . 

11.22. The normal probability distribution function of x is defined as the 
probability that a typical value of (D(SD)R)x will lie between minus infinity and 
[(D(SD)R)x] 


(lim)’ 


[(D(SD)R)x] 


(Urn) 



(NPDF)x = (P)|-oo < (D(SD)R)x < [(D(SD)R)x],jj^,| 


(ll-19a) 


[(D(SD)R)x],,, 


dim) 



[(NPFF)x]d[(D(SD)R)x] 


(ll-19b) 


— oo 


Note that (NPDF)x is a function of [(D(SD)R)x]m^j as this limit is allowed to travel from —oc. to +oo. 

(NPDF)x can also be expressed as a function of [(D(AD)R)x]^.^j, [(DCPD)R)x]^j^j,''or [(D)]c(MP)x]^^^j. 

(NPDF)x is illustrated in Figs. 11-2 and 11-4, and tabulated in Tables 11-1, 11-2, 11-3, and 11-4. 

11.23. The normal magnitude probability function of x is defined as the proba- 
bility that (D(SD)R)x will be less in magnitude than [ (D(SD)R)x] which is 
equivalent to (D(SD)R)x lying between - [(D(SD)R)x]^|J^J and + [ (D(SD)R)x]^.jjjj. 

(11-20a) 


(NMPF)x H (P)|l(D(SD)R)xl < |[(D(SD)R)x](i.^, |} 

= (P){-[(D(SD)R)x]„j^, < (D{SD)R)x < + [(D(SD)R)x](ii^,} (ll-20b) 


- [(D(SD)R)x]„^, 


+ [(D(SD)R)x],n^, 



+ hD(SD)R)x],n„, 


[(NPFF)x]d[(D(SD)R)x] 


(ll-20c) 


-[(D(SD)R)x],j^^, 


[(D(SD)R)x](n^, 


[(D(SD)R)x],i^^, 


or 2 X 



= 2 


[(NPFF)x]d[(D(SD)R)x] 


(ll-20d) 


0 


Note that (NMPF)x is a function of [(D(SD)R)x]mj^j as this limit 
is allowed to trovel from zero to infinity. (NMPF)x con also be 
expressed as a function of [(D(AD)R)x]^£jj^ji 
[(D)x(MP)x]m^j. (NMPF)x is illustrated In Figs. 11-3 and 11-4, 
and is tabulated in Tables ll^li 11^2# 1 l*3f and IIM* 


11.24. It can be shown that 


(NPDF)x = 2- [ 1 + (NMPF)x] 

2 


( 11 - 21 ) 


where + or - is chosen to correspond to positive or negative deviations of x 
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Normal Probability 

Normal Magnitude Distribution Function 

Probability Function (NPDF)x 

(NMPF)x 



[((D)x)((MP)x)]jj.^j 



Fig. n-2. The normal probability distribution function of x. 



Fig. 11-3. The normal magnitude prabnbility function of x. 
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DEFINITIONS OF DEVIATION 

Let X = a variable which obeys 
the normal probability low. As¬ 
sume that n typical values of x 
are Itnown. 

{Av)x s (1/nl^x; 

the average of x is the sum of 
the values of x divided by the 
number of values. 

(D)x = X - (Av)x; 

the deviation of each value of 
X is that value minus the aver¬ 
age of X. ^ 

(SD)x = ^(Av)[(D)x]^ ; 

the standard deviation of x is 
the square root of the average 
of the squares of the individual 
deviations of x. 

(AD)x = (Av) |(D)x| ; 

the average deviation of x is the 
average of the magnitudes of the 
individual deviations of x. 

(P)t|(D)*| < |(PD)x|l = .5: 

the probable deviation of x is that 
deviation for v*ich there is a 
probability of one-half that an in¬ 
dividual deviation of x is less in 
mogrutude. 

(D(SD)R)x = (D)x/(SD)x ; 

the deviation-standard deviation 
ratio of X is the ratio of an indi¬ 
vidual deviation of x to the stan¬ 
dard deviation of x. Likewise: 

(D(AD)R)x = (D)x/(AD)x 

5 the deviati on-average deviation 
ratio of x; * ' 

(D(PD)R)x = (D)x/(PD)x 

= the deviation-probable deviation 
ratio of X. 


DEvwnoNS 


PROBABILITIES 


EXAMPLE 

If a sample of steel balls from a 
production run have an average 
diameter of ,25050 Inch, and an 
overage deviation of .00050 inch, 
what percentage can be expected 
to lie within ,25000 ± .00100 inch? 
Let X = dlamet«-. 
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(Av)x = .25050 (AD)x = 0.00050 

(D) .25100 = + 0.00050 
(D(AD)R) .25100 = + 1.0; 
(NPDF).25'00 = 0.79; 

i.e., 79% should be less than 0.25100; 

(D) .24900 = -0.00150; 
(D(AD)R).24900 = -3.0; 

(NPDF) .24900 = 0.01 ; 

i.e., 1% should be less than .24900; 

79% - 1 % 78% of the balls should 4-5 

be between 0.24900 and 0.25100 inch 
In diameter. 
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DEHNITIONSOF PROBABILITIES 

(NMPF)xe(P)j|(D}x|<|(D)x|jj^^ji; 

the normal magnitude probability func- 
tion of X is the probability that the ’ 
magnitude of the deviation of x is less 
than the limit-of-integration value 1 e 
the scale value of (D(SD)R)x, etc. 

(NPDF)x s (P)l(D)x < (D)x„j^j| ; 

the normal probability distribution 
faction o^x is the probability that 
the deviation of x lies between minus 
infinity and the limit of integration 
value, i.e., the scale value of 
(DfSD)R)x. etc. 
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Fig. IT-4. Scale of probability values for various deviation ration 
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UNCERTAINTY IN A SET OF n VALUES 

11.25. When the normal probability law is applied to an engineering problem, 
the available information is usually a set of n values of some variable, x, where 

n is a comparatively small number. The average of a finite number of typi^ 
values of [(Av)x]^, is defined as the value of (Av)x which is computed from a 
set of n typical values. The average ^ ^ infinite number of typical values of ^ 
[(Av)x]^,is defined as the value of {Av)x which would be obtained from an infinite 

number of typical values. 

11.26. It is evident that since x contains an uncertainty, different sets of n 
typical values can be expected to yield different values [ (Av)x]^. It can be shown 
that if a large number of such sets were available, the values of [(Av)x]j^ obtained 
from them would obey the normal probability law. The average of these averages 
would be the average of an infinite number of typical values of x: 


(Av)[(Av)x]j^ = [(Av)x] 


( 11 - 22 ) 


The standard deviation of these average values from their collected average 
would be approximately l//n times the standard deviation of the values in a set 


from their average: 


(SD)[(Av)x]^ = 


(SD)x 


(11-23) 


/IT 


11.27. In most practical cases, only one set of n values is available, and the 
problem is to estimate the magnitude of uncertainty, which is the difference be¬ 
tween the computed average of the set and the unknown average of an infinite 

number of values; i.e., to estimate 

l(U)[(Av)x]^l 5 l(D)[(Av)x]j^l , (11-24) 


where 

(D)[(Av)x]jj = [(Av)x]j^ - [(Av)x]^ (11-25) 

Since [ (Av)x] follows the normal probability law, there is no fixed limit on its 
deviations. Any deviation, however large, has some very small probability of 
occurring. But a limit can be set by specifying a confidence figure^, i.e., a proba¬ 
bility approaching unity. For example, specifying a confidence figure of 0.95 

sets an uncertainty limit of 2(SD)[ (Av)x]^, which is [2(SD)x]/]/n or 
[2-1/2 (AD)x]/yTr This is another way of saying that there is 0.95 probability 

that(U)[(Av)x] < [ 2 (SD)x]//iror [2-1/2 (AD)x]/V^ Likewise, a confidence 
figure of 0.99-3/4 sets an uncertainty limit of [ 3(SD)x]//For [3-3/4 (AD)x]/]/H: 

11 28 The standard deviation (or other deviation parameter) of a set of n 
typical values of x also contains a relatively small uncertainty which was neg¬ 
lected in the foregoing discussion. The standard deviat^ of a set of n va^ 
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o: \ defined as that value which is computed from the set 

[(SDlx]^ , (RMS)[{x.) 1^ -[(Av)x]J (H.gfi) 

where (x-' " represents each typical value in turn, in a set of n values. The 

standard deviation M ^ infinite number of values of x is defined as that value 

which would be computed from the deviation of an infinite number of values, If 
they were available 


f(SD)x]^ = (RMS) [(x.) I® - [(Av)x] J 

11 


(11-27) 


11.29. It can be shown that the square of the standard deviation follows the 
normal probability law, with the following parameters 


(Av) [(SD)x] 2 = [(SD)x]^ 


(11-28) 


(SD) [(SD)x)2 = -L. [(SD)x]2 

" n - 1 ® 


(11-29) 


11.30. The limits for the uncerUinty in [(SD)x]|^, for a specified confidence 
figure, can be conveniently represented by an uncertainty standard deviation 
ratio, such that multiplying the computed standard deviation by this ratio will 
give the corresponding uncertainty limit, i.e.. 


f(SD)x]^ (U(SD)R) [n, CF] = (UL)[(SD)x](^ 

where (U(SD)R) [ n, CF] is the uncertainty standard deviation ratio, and 
(UL) f (SD)x]^^ is the corresponding uncertainty limit. This uncertainty 
factor will have two values corresponding to the upper and lower uncertainty 
limits. Scales for computing (U(SD)R) [n, CF] are given in Fig. 11-6. 

11.31. It should be noted that some authorities give 


(SD) ((Av)x] = ^(SD)x. 


(11-31) 


yn-1 rather thanKlT 


uncertainty in [(SD)x]^. 
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1 



(SD)[(Av)x]^ 

(AD)[(Av)x]^ 


Example : If the plate current of twelve vacuum tubes averages 
38.95 milliamperes and has a standarddeviotion of 0.99 rmlh- 
ampere, what is the probability that the average plate current 
of a large number of similar tubes will lie between 38.5 ortd 
39.4 milliamperes (i.e., within 38.95 + 0.45 milliamperes)? 

From this chart, when n = 12, and (SD)x - 9.9, 
(SD)[(Av)x] = 2.85. Shifting the decimal point to 0.99 gives 

(SD)KAv)x]^ = 0.285. 

Then when (D)[(Av)x]^ = 0.45, 

(D(SD)R)[(Av)x]_, = ^ = 1-58 

Then from Fig. 11-4 (NMPF)[(Av)x]„ = 0.885, which is the 
probability that the average of a large number of tubes will 

lie within the given limits. 

Note- Moving the decimal point in (SD)x or (AD)x moves it 
the same number of places in (SD)[(Av)x]„ or (Ad)[(Av)x]„. 



Fig. 11-5. Alignment chart for computing the standard deviation, or the average deviation, of the 

average of n values of x. 


JO 


I 




Definitions 


— 1 . 1 $ 


i 


fc. 


Let (UL)[(SD)x],„^ CF) ^ Uncertainty limit for the standard deviation of x. 

(UL)[(SD)x],„ CF)(lawer) = [(SD)x]„ (U(SD)R) [n, 

(Ul.)[(SD)x](„_CF)(upper) - 

(CF) = (P)l(UL)[(SD)xl,^ CFXlower) < l(SD)x]„ < (UL)[(SD)x],„ cF)(upper) 



Example : Find the uncertainty limits for a 
confidence figure of 0*95, when the standard 
deviation of twelve electric current readings 

is 0.99 milliampere; 

The lower and upper values of 

(U(SD)R) In CF] determined by a line through 
n = 12 and (CF) = 0.95 ore 0.904 and 1.087 
respectively (see dashed line). Multiplying 
0.990 by these ratios gives limits of 0.895 
and 1.077 milliamperes for the standard de¬ 
viation of a very large number of readings. 


Fig. 11-6. Alignment chart for computing 


the standard deviation of n values of a 
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, . Table 11-1 

Limiting values of the various deviation ratios for given values of the normal 
_ probability functions 


SPDF>x 


'or 

deruiiona 


(NPOnx 

for posture 
derlations 


1 - 


(WMPnx I (NMPHx 


grotttbUttY tha t lD)x will be ((D(SO)R)xl,,. , 
greater | less I 


ProbabUlt 7 that z vlii lie 
betveeii minus Infinttr and 


[(D<AD)R)xl,j^, 


In magnitude than the limit 
shown, 1. e., that « wUl lie 

Inside 


[(D(PD)R)x 


l(llin) 


Limit expressed as Deviation- 
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Table 11-1 (concluded) . 

Limiting values of the various deviation ratios for given values of the normal 

probability functions 


(NPDF)x 

(or negalive 
deviations 


(NPDF)x 

(or positive 
deviations 


Probability that x will lie 
between min us infinity and 

minus I plus 


the limit shown. 


I - mMPF)x I (NMPF)x 


Probability that (D)x will be 


greater __ less 


^(D(SD)R)x]^^^^) 


((D(AD)R)xl(^^) 




in magnitude than the limit 
shown, l.e., that x will lie 


Limit expressed as Deviation- 


outside 


inside 


Standard 


Average 


Probable 


the range between minus 
and plus the limit shown. 


Deviation Ratio o( x 
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Table 11-2 

Normal probobiiity functions for given limiting values of the 

deviation-standard deviation ratio 


|iCKSD)R)xl(Um) 

(NMPFlx 

1 1 -(NMPF)x 

(NPDF)x 

(NPDF)x 

Lirnit 6XDress^ 


miT will hP 

for positive 

for negative 

^ Deviation- 

less 

1 greater 

deviations 

deviations 

Standard D«vla- 





tion Ratio of x 

in ma^ltude than the limit 

Probability that x will lie 


shown, i. c., 

that X will lie 

between minus inJflnity and 


inside 

1 outside 

1 dIus 

1 minus 1 


the range between minus 

1 the limit shown. 1 


and plus the limit shown. 



0.0 

.0000 

1.0000 

.5000 

.5000 

0. 1 

.0797 

.9203 

.5398 

.4602 

0.2 

. 1585 

.8415 

.5793 

.4207 

0,3 

.2358 

.7642 

.6179 

.3821 

0.4 

.3108 

.6892 

.6554 

.3446 

0.5 

.3829 

..6171 

.6915 

.3085 

0.6 

.4515 

.5485 

.7258 

.2742 

0.7 

.5161 

.4839 

.7580 

.2420 

0.8 

.5763 

.4237 

.7881 

.2119 

0.9 

.6319 

.3681 

.8159 

.1841 

I.O 

.6827 

.3173 

.8413 

.1587 

1.1 

. 7287 

.2713 

.8643 

.1357 

1.2 

.7699 

..2301 

.8849 

.1151 

1.3 

.8064 

.1936 

.9032 

.0968 

1.4 

.8385 

.1615 

.9192 

.0808 

1.5 

.8664 

.1336 

.9332 

.0668 

1.6 

.8904 

.1096 

.9452 

.0548 

1.7 

.9109 

.0891 

.9554 

.0446 

1.8 

.9281 

..0717 

.9641 

.0359 

1.9 

.9426 

.0574 

.9713 

.0287 

2.0 

1 

.9545 

.0455 

.9773 

.0227 

2.1 

.9643 

.0357 

.9821 

.0179 

2.2 

.9722 

.0278 

.9861 

.0139 

2.3 

.9786 

.0214 

.9893 

.0107 

2.4 

.9836 

.0164 

.9918 

.00820 

2.5 

.9876 

.0124 

.9938 

.00621 

2.6 

.9907 

.0093 

. 99534 

.00466 

2.7 

.99307 

.00693 

.99653 

.00347 

2.8 

.99489 

.00511 

.99744 

.00256 

2.9 

.99627 

.00373 

.99813 

.00187 

3.0 

.99730 

.00270 

.998S5 

.00135 

3.5 

.99953 

.00047 

.99977 

.00023 

4.0 


6.7x10"^ 


3.4X10"® 

4.5 


7.1x10'® 


3.6x10-® 

5.0 


e.oxio"*^ 


S-OXIO"*^ 
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Table 11-4 

Normal probability functions for given limiting values of the 

deviation-probable deviation ratio 


Limit expressed 
as Deviation* 
Probable Devia¬ 
tion Patio of X 


(NMPF)x 


less 


I - (NMPFlx (NPDF)x 


Tester 


(NPDF)x 

for negative 
deviations 



0.0 

0.1 
.2 
.3 

0.4 
0.5 
.6 



1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2,0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 



5.0 

5.5 

6.0 

6.5 

7.0 


in magnitude than the limit 
shown, i.e,, that x will lie 


Inside 


outside 



the range between minus 
and plus the limit shown. 


.0000 

.0539 

.1073 

.1604 

.2127 

.2641 

.3143 

.3632 

.4105 

.4561 

.5000 

.5419 

.5817 

.6194 

.6550 

.6883 

.7195 

.7485 

.7753 

.8000 

.8227 

.8434 

.8622 

.8792 

.8945 

.9083 

.9205 

.9314 

.9411 

.9496 

.9570 

.9635 

.9691 

.9740 

.9782 

.9818 

.9648 

.9874 

.9896 

.9915 

.99302 

.99432 
.99538 
.99627 

.99700 
.99760 


.9461 

.8927 

.8396 

.7873 
.7359 
. 6857 

. 6368 
.5895 
.5439 

.5000 

.4581 

.4183 

.3806 

.3450 

.3117 

.2805 

.2515 

.2247 

.2000 

.1773 

.1566 

.1378 

.1208 

.1055 

.0917 

.0795 

.0686 

.0589 

.0504 

.0430 

.0365 

.0309 

.0260 

.0218 

.0182 

.0152 

.0126 

.0104 

.0085 

.00098 

.00568 
.00462 
.00373 

.00300 
.00240 

7.6x10”^ 

2.1X10"^ 

5.5x10“5 

1.2x10“'^ 

2.5X10”® 


for positive for negativf 
deviations _ deviations 

Probability that x will lie 
between minus infinity and 


_ Plv^ I 

the limit shown. 


minus 


.5000 

.5269 

.5536 

.5802 

.6063 

.6320 

.6571 

.6816 

.7052 

.7280 

.7500 

.7709 

.7908 

.8097 

.8275 

.8441 

.8597 

.8742 

.8876 

.9000 

.9113 

.9217 

.9311 

.9396 

.9472 

.9541 

.9602 

.9657 

.9705 

.9748 

.9785 

.9817 

.9845 

.9870 

.9891 

.9009 

.9924 

.9937 

.9948 

.9957 

.99651 

.99716 

.99769 

.99813 

.99850 
.99880 


.5000 

.4731 

.4464 

.4198 

.3937 

.3680 

.3429 

.3184 

.2948 

.2720 

.2500 

.2291 

.2092 

.1903 

.1725 

.1559 

.1403 

.1258 

.1124 

.1000 

.0887 

.0783 

.0689 

.0604 

.0528 

.0459 

.0398 

.0343 

.0295 

.0252 

.0215 

.0183 

.0155 

.0130 

.0109 

.0091 

.0076 

.0063 

.0052 

.0043 

.00349 

.00284 
.00231 
,00187 

.00150 

.00120 

3.8x10”? 

1.1X10”^ 

2.3X10”! 

6.0X10”® 

1.3X10“® 
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grouped data 


11.32. Grouped data is defined as a set of typical value items arranged in 
steps of equal increments of value, so that several items may fall within a single 
step. Grouped data is used in two different situations. In one, the smallest ob¬ 
served increment is relatively large in comparison with the range of values, so 
that several items necessarily fall at the same observed value. For example, a 
noise voltage is read to the nearest millivolt, and thirty readings fall in a range 
of twenty millivolts. In the other, there is a very large number of items, and 
computing work can be simplified by grouping them in somewhat larger incre¬ 
ments of value. For example, a thousand freshmen are weighed to the nearest 
half pound, but the weights are grouped in five-pound steps to simplify computing 

the average and the standard deviation. 

11.33. Define the value of the step as and the increment asdx, i.e., 

X. + dx. Define the boundaries of the k^^ step as (x^^ -dx/2) and 

(xjj + Ax/2), i.e., half way between the defined values of successive steps. Note 
that in some cases the boundaries and the step values work out to odd amounts. 

For example, if the freshmen were weighed to the nearest half pound and grouped 
in steps of five pounds, the steps might be given as 120-1/2 to 125 lb, 125-1/2 to 
130 lb, etc., but the boundaries would really be 120-1/4 lb (half way between 1201b 
and 120-1/2), 125-1/4 lb, 130-1/4 lb, etc., and the values of the steps (half way 

between these boundaries) would be 122-3/4 lb, 127-3/4 lb, etc. 

11.34. It is more convenient to use the value of a step times the number of 
items falling in it, in computing an average, than to use all separate values of the 

items; i.e., instead of computing 



where n is the total number of items, m is the number of steps, and nj^ is the 
number of items in the step. The error introduced by this approximation is 

negligible when n and m are reasonably large. 

11.35. Grouped data may be plotted as a frequency diagram (also called a 

histogram), n^ against Xj^. But as will be seen in Fig. 11-7 parts a) and b), such 

a diagram yields little or no information unless the total number of items is quite 

large. On the other hand, if grouped data is plotted as a distribution diagram, a 
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ITEM DATA 


(Value of Residual Voltage at the Null Point for 20 
samples of an a.c. Balancing Device) 


Number 

Value 

(millivolts) 

Number 

1 

Value 

(millivolts) 

1 

15 

11 

12 

2 

21 

12 

8 

3 

4 

13 

15 

4 

7 

14 

20 

5 

5 

15 

11 

6 

21 

16 

5 

7 

5 

17 

30 

8 

4 

18 

7 

9 

12 

19 

8 

10 

17 

20 

9 


GROUPED DATA 


(Calculations for Frequency and Distribution Diagraind from Item Data) 



162 












3 

2 

I 

0 
















1 





1- 

1 





1 










k - 

1 


1 

- i 



1 




1 

, 


-< 

> 





■■ ■ 4 

> 


1 



^ A M 

LA ^ 

L m 1 

\ <• 


A 


0 2 4 6 8 10 12 I'i 16 18 20 22 24 26 28 30 


Item Value of Each Step, 


(millivolts) 


a) Frec^uency diagram for steps of one millivolt 



b) Frequency diagram for steps of five millivolts 



Fig. 11*7. 


Example of grouped data plots. 
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small number of items will yield adequate information. Define (for each step) the 

cumulative sum of x as the sum of the number of items in all steps from the 
farthest negative to the step inclusive, i.e., 

k 

(CS)x = i; (11-34) 

h=l 

Define (for each step) the cumulative sum - total ratio ^ x as the ratio of the 
cumulative sum of x to the total number of items, i.e., 


((CS)TR)x E , 

n 


(11-35) 


where n is the total number of items. A plot of either (CS)x or ((CS)TR)x against 
Xj^ forms a distribution diagram. ((CS)TR)x has the advantage of being a dimen¬ 
sionless ratio running from zero to unity; hence it can be compared directly with 
the normal probability distribution function or the normal magnitude probability 
function, whichever is appropriate. It is often convenient, as shown in Fig. ll-7c, 
to plot (CS)x directly and to add a scale of ((CS)TR)x on the diagram. 

Example: Twenty a-c balancing devices are taken from the production line. Each 
is adjusted to its null point and the residual output voltage is measured to the 
nearest millivolt, with the results as tabulated in Fig. 11-7. The problem is to 

fit a normal curve to the data. This residual voltage is known to consist of out- 

/ 

of-phase, harmonic, and noise components, which add on an a-c voltmeter so that 
the reading is the sum of their magnitudes without regard to phase or sign. Hence 
the normal magnitude probability function can be expected to fit the data. 

11.36. Figure ll-7a is a frequency diagram for A x = 1 millivolt. It is so 
rough that it gives no useful information. Figure ll-7b is a similar diagram for 
4x = 5 millivolts. Here the frequency trend is observable, but it would be diffi¬ 
cult to fit a smooth curve to the points. Figure ll-7c is a distribution diagram 
for = 1 millivolt. Vertical scales for both (CS)x and ((CS)TR)x are given on 
the same diagram. Here it is evident that the smooth curve shown fits well. This 
curve is (NMPF)x for (Av)x = 3 millivolts, and (AD)x =8.8 millivolts. The data 
is interpreted as meaning that there is a constant noise voltage of 3 millivolts in 
all units plus other components varying from 1 to 27 millivolts in different units 
and following the normal probability law. The value of (AD)x was obtained by 
taking the average of the 20 voltage readings, which is 11.8 millivolts, and sub¬ 
tracting the apparent noise level of 3 millivolts. 


TREATMENT OF LARGE DEVIATIONS 

11.37. When a set of data contains one or more items whose deviations ap¬ 
pear to be excessively large, one of two types of treatment may be called for. If 
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the data is such that some of the variations may be significant , i.e., due to causes 
other than uncertainties, the treatment is designed to separate significant devia¬ 
tions from those due to uncertainties alone. If the data is not expected to con¬ 
tain significant variations, the treatment is designed to weed out any deviations 
so large and so unlikely that they make the average of the set less accurate. 

11.38. The test for a significant deviation is to select a confidence figure, 
and then arbitrarily assume that any deviation outside the corresponding limits 
is significant. The usual choice is CF = 0.95, making the limits 2(SD)x, or 

2-1/2 (AD)x. 

Example: A machine is producing steel balls. A sample of 100 balls is taken 
each day, and the diameter of each ball of the hundred is measured. The aver¬ 
age diameter over a long period is 0.25000 inch. The average deviation of indi¬ 
vidual balls over this period is 0.00040 inch. If deviations beyond the 95 percent 
confidence limits are considered significant of a change in the adjustment of the 
machine, which of the following daily averages are thus significant? 


Monday 

0.25008 

Tuesday 

0.25012 

Wednesday 

0.24996 

Thursday 

0.24989 

Friday 

0.25001 

Saturday 

0.24999 


Since 

(AD)x = 0.00040 

(AD) [ (Av)x] 100 = - 0.00004 

95 percent point is 2.5 (AD)[ (Av)x] ^oq ~ 0.00010. 

The days when 1(D) [(Av)x]iool > 0.00010 are Tnesday and Thursday; i.e., only 
Tuesday's and Thursday's averages signify a change from the normal adjustment. 

11.39. The test for rejecting large deviations when they decrease the accu¬ 
racy of the average of a set of data is called Cauchy's criterion. It is: 

If a set of n values contains one with a deviation so large that its probability 
of occurrence is less than 1/2 n, this value is to be discarded. 

11.40. To apply Cauchy's criterion to a set of n values, compute (Av)x for 
the set, (D)x for each value, and (SD)x or (AD)x for the set. From the tables 
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find the (NMPF)x for the largest magnitude of (D(SD)R)x or (D(AD)R)x, and if 
this shows 1 - {NMPF)x < l/2n, discard this one value and use the remaining 
(n - 1) values as a new set. Apply the same criterion to the largest magnitude 
deviation in the new set, and if it is rejected, use the remaining (n - 2) values. 
Continue until a set is found in which the largest deviation is not rejected. 

11.41. Figure 11-8 presents Cauchy's criterion in graphical form. The non¬ 
linear scale of n is computed as [ 1 - (NMPF)x] = l/2n, referred to linear 
scales of (D(SD)R)x and (D(AD)R)x. Thus any magnitude of {D(SD)R)x or 
(D(AD)R)x which has a probability of occurrence less than l/2n will lie above 
the scale position of n in this figure. 

11.42. Certain short cuts may be used in computing. When computing (SD)x 
with a slide-disk calculator, it is not necessary to compute all deviations, but 
only those which are suspiciously large. If one value, Xj^ is discarded, it is not 
necessary to go through the entire work of computing [(Avjxj^^^ [(ADjx]^^^ jj, 
or [ (SD)x]^j^_j^^ for the new set of (n-1) values. These can be obtained from 

the computations for the old set of n values by the following formulas 




(11-36) 


This can be computed conveniently by summing separately deviations from 
[ (Av)x] ^ which will stay positive, deviations which will stay negative, and devia¬ 
tions which will change in sign because they are opposite in sign to, and smaller 
in magnitude than, [ (D)xj^]^/n-l. Then add algebraically to each sum 
[ (D)Xj^] j^/n-1 multiplied by the number of terms in that sum; add the magnitudes 
of the three results, and divide by (n-1). 


[(Av)x](jj_jj = —y |^n[(Av)xljj - Xj^j (ll-37a) 



(ll-37b) 

(11-38) 


11.43. To use this last formula with a slide-disk calculator, take the answer 
on the vertical scale before applying the nomogram of the calculator, or take the 
standard deviation and work backward through the nomogram to locate this point, 
which is [ (SD)x] /n. Place the disk indicator mark at this point. Locate (D)xj^ 
on the standard deviation scale of the nomogram, pass a line through n and mo¬ 
mentarily locate a point on the vertical scale. Then pivot the line at this point, 
so it passes through (n-1); where it crosses the standard deviation scale is then 
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icmcD or unwc these scalxss 

H lawil wmmkta^ el «r 

aKADvSSXedb^lhe toe to Jto 

«f eohM, •» le the eel. /tocgJ tto 

the fwtirtiMl 


Fi& 114. Seal* far opplyiag 
Cauchy's critarian. 


(D)Xj^ Kn/(n-l). Place zero on the horizontal 
scale at the index. Insert the stylus I n the 
disk at the indexandmoveitto(D)Xj^ Kn/(n-l) 
on the horizontal scale. This performs the 
operation in the large brackets. Use the 
nomogram from the new indicator position 
through (n-1), obtaining the desired answer, 

l(SD)xl(^.l). 

11.44. In comparing the significance test 
and Cauchy's criterion, it should be noted 
that if the significance test is applied to single 
values, it uses an arbitrary confidence figure 
which is Independent of the number of values 
in the set, where Cauchy's criterion makes 
the confidence figure a function of the number 
of values in the set, i.e.. 


(CF) = 1 - 


1 
2n 


(11-39) 


f the significance test is applied to the aver- 
»ge of a set of n values, the standard devia- 
lion of this average decreases as n Increases, 
making the region of non-significance cor¬ 
respondingly smaller. 

Example: If the set of twelve vacuum tubes 
described in previous examples included a 
thirteenth tube with a plate current of 42.7 ma, 
should this value be rejected under Cauchy's 

criterion ? 

For the set of thirteen plate currents, 

(Av)x = 39.24 ma 
{SD)x = 1.41 ma 

For this thirteenth tube, 

(Djx = 42.7 - 39.24 = ♦ 3.46 ma 

(D(8D)R)x = 3.46/1.41 * 2.37 


Since this is far above the scale point for 
0 s IS in Fig. 11-8, this value should be re¬ 
jected. 



CORRELATION AND REGRESSION 

11.45. Correlation deals with any pair of variables which may have a partial 
functional interrelationship. For example, let 


and 


X = a variable 

y = a variable which may be partially dependent on x. 


Assume that n concurrent pairs of typical values of x and y are known, i.e., 




11.46. Two variables which illustrate this sort of relationship are the 
heights and weights of a group of individuals. It is well known that while the 
average weight increases with height, there are wide individual variations in 
weight for a given height. Table 11-5 gives the heights and weights of fifty male 
students selected at random from the files of the Medical Department, Massa¬ 
chusetts Institute of Technology. 

11.47. The regression line of y on x is defined as the linear function of x 
which best fits y by the 'least square" criterion, i.e., it is a straight line in the 
X, y plane so chosen that the sum of the squares of the y^ deviations from it is 
a minimum. In equation form 


where 


^(rgr) 

(D)x 


^(rgr) ^o ®(rgr)[x;yj^®^* 

= value of y on the regression line 
= X - (Av)x 


(11-40) 


®(rgr)[x;yj ” slope of the regression line 
Kg = constant which locates the line. 

11.48. A regression line is useful where y is believed or is assumed to be 

the sum of two components, one linearly dependent on x and the other independent 
of X. In this case the regression line, y(j.gr)’ estimate of the compo¬ 

nent dependent on x, and the deviation from this line, [ (0)yi](i.gi.), is our best 
estimate of the component independent of x. 

11.49. The values Kg and ®(rgr)[x-yj°^ regression line equation are to 

be chosen to minimize the sum of the squared deviations, 
where 


if j f (i^)yi] (rgr) 


[(D)yi](rgr) “ ^i ” y(rgr){Xj) ’ 

i 
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The condition for a minimum value of this sum is that 


®^(rgr)[x;y] 


= 0 


(11-41) 


and 


3X[(D)yi]2(rgr) 


= 0 


(11-42) 


aK 


It can be shown that this condition is satisfied when 

(Av)[y^ (D)xJ 


®(rgr)[x;y] 


(Av)[ (D)xJ 


(11-43) 


and 


Kq = (Av)y^ 


It can further be shown that the following forms are equivalent and 
interchangeably wherever computing will be simplified 

(Av)[yj(D)xJ = (Av)[x.(D)yJ 

= (Av)[(D)x.(D)yj] 

= (Av)(x., y^) - (Av)x.(Av)yj 
= (Av)[(x. - Kj)(y^ - K 2 )] 


(11-44) 
ay be used 


(ll-45a) 

(ll-45b) 

(11-45C) 


- [Kj - (Av)xJ[K 2 - (Av)yJ (ll-45d) 


where Kj and K 2 are any convenient constants. 

(Av)[(D)x.] 2 ^ [(SD)xJ 


= {Av)(x.)2 _ [(av)xJ 2 
= (Av)(x. - Kg)^ - [ Kg - (Av)Xj] 


(ll-46a) 

(ll-46b) 

(ll-46c) 


where K, is any convenient constant. 

11.50. As a practicalmatter.theformsin(ll-45c)and(ll-46b)representthe 

difference between two nearly equal quantities, and hence each quantity must be 
carried to a moderately large number of significant figures, which requires a calcu¬ 
lating machine. The forms in {ll-45d) and (ll-46c) are convenient for manual com¬ 
putation. If the constants are chosen as whole numbers close to the averages of 
the variables, the differences (x, - K,), etc., are small whole numbers or simple 
fractions which are easy to multiply, and the effect of the usual odd decimal 
values of the averages is confined to the smaU second term. As an example, the 
computation using (ll-45d) is given in the last four columns of Table 11-5. 




TABLE Vn-I 


Correlation of Heights and Weights of Fifty M.I.T. Students 


Columns 2 and 3 give the initial data as furnished by the M»LT* Medical 
Department. Columns 4, 5, 6> and 7 show the steps in obtaining the correlation 
numerator^ (Av)[(D)h(D)w], by Eq. (ll-45d). 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 


h 

V 





Height 

Weight 

(h-69) 

(v-155) 

Positive 

No. 

In. 

Lb 

Products 


1 

68 

140 

2 

70 3/4 

153 


69 1/2 

153 

4 

71 1/2 

138 

5 

68 

145 

6 

68 1/2 

151 , 

7 

68 

170 1/2 

8 

70 

181 

9 

72 

154 1/2 

10 

72 ^ 

138 

11 

72 1/2 

134 

12 

64 

142 

13 

69 

150 

14 

70 

160 

13 

65 1/2 

150 

16 

66 3/4 

144 

17 

66 

150 

13 

68 3/4 

128 

19 

69 1/2 

125 

20 

67 

145 , 

21 

67 1/2 

133 1/2 

22 

69 1/4 

195 

23 

71 

150 

24 

74 

159 

25 

67 , 

165 

26 

70 1/4 

131 , 

27 

70 1/2 

154 1/2 

28 

73 

148 

29 

72 

175 1/2 

30 

69 

147 

31 

70 1/2 

186 

32 

70 

172 1/2 

33 

67 1/2 

144 1/2 

34 

71 

155 

35 

74 

157 

36 

71 1/2 

180 

37 

f9 

75 

205 

U 

163 1/2 

40 

66 1/2 

132 

41 

67 

141 

42 

70 

192 

43 

70 

157 

44 

71 

172 

45 

69 , 

153 

46 

72 1/2 

168 

47 

71 

176 

48 

60 

142 

49 

69 

152 

50 

70 

154 


3475 1/4 

7758 

(Av)h = 

69.505 In. 


(SD)b - 

4.362 In. 


[iSD)hf = 

18.180 



-1 

'15 

+ 15 

+1 3/4 

- 2 


+ 1/2 

- 2 


+1 1/2 

-17 


-1 

-10 

+ 10 

- 1/2 

- 4 

+ 2 

-1 

+15 1/2 


+1 

+26 

+ 26 

■^3 

- 1/2 


+3 

-17 


+3 1/2 

-21 


-5 

-13 

+ 65 

0 

- 5 

0 

•1 

+ 5 

+ 5 , 

3 1/2 

- 5 

+ 17 1/2 

2 1/2 

-11 

+ 27 1/2 

3 

- 5 

+ 15 , 

1/4 

-27 

+ 6 3/4 

1/2 

-30 


2 

-10 

+ 20 

1 1/2 

-21 1/2 

+ 32 1/4 

1/4 

+40 

+ 10 

•2 

- 5 


+5 

+ 4 

+ 20 

-2 

+10 


+1 1/4 

-25 , 


+1 1/2 

- 1/2 


+4 

- 7 


+3 

+20 1/2 

+ 61 1/2 

0 

- 8 

0 

+1 1/2 

+33 , 

+ 49 1/2 

+1 

+17 1/2 

+ 17 1/2 

^1 1/2 

-10 1/2 

+ 15 3/4 

+2 

0 

0 

+5 

+ 2 

+ 10 

+2 1/2 

+25 

+ 62 1/2 

+6 

+50 

+300 

•f4 

-12 , 


-3 

+ 8 1/2 


-2 1/2 

-23 

+ 57 1/2 

-2 

-14 

+ 28 

+1 

+37 

+ 37 

+1 

+ 2 

+ 2 

+2 

+17 

+ 34 

0 

- 2 

0 

+3 1/2 

+13 

+ 55 1/2 

+2 

+21 

+ 42 

-9 

-13 

+117 

0 

- 3 

0 

+1 

- 1 




+ 1161 8/4 



-350 



501811.^ 


®(rgT){w.h) 


(Av)w s 155. Id lb 
(SD)w == 24.80 lb 

[(8D)w]^ = 814.90 

69 > (AT)h = ^ 0.505 
155 - 5^v)w = - 0.100 
-0.505 X - 0.160 = 0.0808 
18.2350 - 0.0808 = 18.1542 = (Av)[(D)h(D)w] 

= * 0.0283 in/U» 

614.99 


®(rgr)(h,w) 


18.1542 - 0 889 jb/jn 
18.188 


(CC)[w,h) 


18.1542 
4. 282 X 24.80 


( 7 ) 

Negative 

Products 


- 3 1/2 

- 1 

-25 1/2 


-15 1/2 

- 1 1/a 
‘51 , 

-72 1/2 


-15 


-10 

-20 

-31 lA 
- 3/4 

-28 


-48 

-25 1/2 


1 


-950 
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(D(SD)R)h 



Fig. n-9. Heights ond weights of fifty male students at M.I.T. 


Figure 11-9 shows the data from Table 11-5 presented in a 'Scatter ploV with 
the regression line of height on weight drawn in as a solid line. It is drawn 
through the average point, (Av)h = 69.505 in., (Av)w = 155.16 lb, with the com- 

puted slope of 0.0263 in./lb. 

11 51. The regression method can be extended, if necessary, from a linear func- 

tlon ol 1 to a po»er serios, by tittlng an curve to ((D)y ] then Ilttlng ana 
curve to the devlatlonn Iron, the a^ curve, etc; but In mostcasea linear regreaston 
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IS adequate. Constructing the regression line of y on x implies that x is the in¬ 
dependent variable and y is the dependent variable. It is also possible to reverse 
this implication by constructing the regression line of x on y. Both lines pass 
through the point [ (Av)x, (Av)y]. The slope of the x on y regression line is 

(Av)[x.{D)yJ 

^(rgr)[y,x] “ — ‘ (11-47) 

{Av)[(D)y.]2 

This slope is taken with respect to the y axis, while r)[x' taken with re¬ 
spect to the X axis. The dashed line of Fig. 11-9 is the regression line of weight 
on height, drawn to a computed slope of 0.889 Ib/in. Note that the numerators of 
the expressions for the two slopes are equal, and that the ratio of the two slopes is 


®(rgr)[y;x] ^ (Av)[(D)xJ^ [(SD)x]^ 


(11-48) 


These slopes must be either both positive or both negative, since the sign of 
both is determined by the sign of {Av)[ (D)x. (D)yJ. 

11,52. Another approach to correlation between two variables is by use of 
the correlation coefficient, defined as 

(Av)f (D)x. (D)yJ 

(CC)[x,y] s -1-1- . (11.49) 

(SD)x (SD)y 

The correlation coefficient represents the fraction of the variations of either 
variable which depends on the variations of the other variable. Thus a correla¬ 
tion coefficient of+1 represents perfect positive proportionality; -1 represents 
perfect negative proportionality. Two independent variables would have a cor¬ 
relation coefficient of 0. It is evident that the correlation coefficient is the geo¬ 
metric mean of the two regression slopes, 


(CC)[x,yJ 



(11-50) 


(using the same sign as the regression slopes), and that it is the same regardless 
of which variable is considered independent and which dependent, i.e., 


(CC)[x,y] = (CC)[y,xJ . (11-51) 

11.53. For example, the correlation coefficient computed from the data of 
Table 11-5 is 0.153, meaning that 15.3 percent of the variations in either height 
or weight is attributable to the variations in the other. If the variables are 
expressed as their deviation — standard deviation ratios, the standard 
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deviations become unity and the two regression slopes become equal to each 
other and to the correlation coefficient 


S(rgr)[(D{SD)R)x; (D(SD)R)y] 


= ®(rgr)[(D{SD)R)y; (D(SD)R)xJ 
= {CC)[(D(SD)R)x, {D(SD)R)y] 

- (CC)[x,y] 


(ll-52a) 

{ll-52b) 

(11-52C) 


11.54. A correlation coefficient computed from n pairs of values contains an 
uncertainty, since a finite number of values is used. It can be shown that this un¬ 
certainty does not follow the normal probability law, but it is possible to intro¬ 
duce a new variable, z, the uncertainty of which approximately follows this law. 
Let {CC)[x,y] be the value computed fromnpairs of values, and let {CC)[x,y]^ 
be the value which would be computed from an infinite number of values. 

Define 


^ 1 + (CC)[x,y]j^ 

^n - 2 1 _ (CC)[x,y]j^ 


(ll-53a) 


and 


^00 - 7 


1 + (CC)[x,y]^ 
1 - (CC)[x,y]^ 


(ll-53b) 


Then z 


approximately follows the normal probability law, with the parameters 


(Av)z^ = 


(11-54) 


and 


(SD)Zjj = 


n - 


(11-55) 


A nomogram for computing the uncertainty in (CC)[x,y]„ is given in Fig. 11-10. 
This nomogram contains a nonlinear scale of (CC)[x,y] which effectively con- 

verts it to the normal probability variable, z. u t 

11.55. Applying (CC)lh,wl„ = 0.153 and „ . 50 to this nomogram shows hat 

(or a conlidenco figure ol 0 . 95 ,(CC)[h,wl„could lie between *0.41 and - 0.10 
Since the usual experience with human height-weight correlafion shows a coeffi¬ 
cient of about 0.6, It is evident that this data Is significantly dlflerent from the 

nsual. Examination of the scatter plot ol Fig. 11-9 shows a 
In the range of less than 150 lb weight and more than 70 m. height. This combi¬ 
nation Of low weight With more than average height is 

as unusual, and as the Immediate cause ol the low correlation in fins example. 
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CORRELATION COEFFICIENT of X ond y (COtX.yl 


Definition of Symbols 


' #? 


0 9 


<X$ 


ZOO 

150 

I2S 


lOO 


I > 


I I 


75 


60 
I SO 


40 


so 


(CC)[x,y]^ = Correlation coefficient of x and y 
computed from n pairs of values. 

(CXI)[x,y]^ = Correlation coefficient of x and y 
which would be obtained from an infinite number 
of poirs of values. 

(CF) = Confidence Figure, i.e., probability that 
(CC)[x,y] lies within a specified range. 0.9976 

0.996 


eo 


19 


10 


0.99 

0.95 

0.90 


0.80 

0.70 

0.60 

0.90 


L 

L 


0 7 




0.6 


as 


0.4 



0.3 


0.2 


0.1 


-OJ 


-02 


0.90 

0.60 

0.70 

0.80 


10 


IS 


20 




Vie? 






0.90 

0.99 

0.99 

0.995 

0.9979 


so 


40 




90 


60 


79 


too 


129 
■ 90 








200 


Directions; 

Place a straightedge from (CC)[x,y]j^ on the left 
scale to zero on the right scale. Mark where this 
crosses the vertical line for n. Pivot the straight' 
edge ot this point and swing it in turn to the 
upper and lower points for the chosen value of 
(CF). The points where the straightedge inter¬ 
sects the left scale will be the lower and upper 
limits of (CO[x,y]^ for the chosen value of (CF). 

Example: 

30 pairs of volues give a 
correlation coefficient of 
.82; what are the 95% 
confidence limits for the 
correlation coefficient of 
an Infinite number of pairs? 

Answer: .65 and .91. 



Fig. 11-10. Uncertainty in a correlation coefficient based on n pairs of values. 
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CONFIDENCE FIGURE (CF) 






time series and autocorrelation 

11.56. A time series is defined as any set of typical values of a variable 
such that changing the sequence of the values in the set would change some of the 
statistical properties of the set. A stationary time series is defined as a time 
series whose statistical properties (such as average value and standard devia¬ 
tion) remain constant throughout the series. 

11.57. Now consider a stationary time series which is continuous, i.e., has 

a value at every instant of time, as for example an oscillograph recording of 
radio noise and signals, and consider the correlations between the values at two 
points a fixed time interval, T, apart. This interval is equivalent to a fixed dis¬ 
tance between two curve tracers as an oscillogram record is moved past them. 

If T is small (i.e., if the curve tracers are close together) the curve will tend to 
have comparatively little difference in value between the two points, so that there 
will be some positive correlation between the value at any instant x^, and the 
value at interval T later, x^^ ^ This can be expressed as a correlation coeffi- 

cient between and ^ 

(CCUX X . (11-56) 

(CC)[x,,x„^T)l ,SD)X„ ^ T) 


If the record is continuous for x^ from initial time, to final time, 

the average can be expressed as an integral 


(Av)[x^ x^j ^-j-j] = 


‘(fin) ■ ‘(init) 


(fin) 


Xx X 


t ""(t + T) 


dt 


(11-57) 


‘(init) 


11 58 It is evident thnt T can be given any value, and the correlation coelfi- 
eient wili vary as a Innction ol T, This Innction of T is called ihe autocorrel a^n 


function of x 


T = T 


(ACF)x 5 (CC)[xj, X(j^ T)1 


(11-58) 


T = T 


If X does not contain any periodic component (for example an oscillogram of 
thermal noise) (ACF)x will decrease exponenllally as T increases. If i o 

“ ntaln a comtonent Periodic in W. (for example a 

wiU tid to increase and decrease together, and hence (ACF)x will con- 
taiiTa component periodic in 2ir/w . 
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11.?9. If the autocorrelation function is transformed from the time domain 
ta function of T) to the frequency domain (a function of u) by means of the Fourier 
trant- form, it is found that the transformed function directly represents the fre¬ 
quency spectrum of the original time series. Since the product ^ has the 
dimensions of x (equivalent to voltage squared in the electrical example), it is 
proportional to power rather than to voltage or its equivalent. These dimensions 
carry over into the transform of (ACF)x, so that the frequency spectrum is pre¬ 
sented in terms of power. Hence, this transform is caUed the power spectral 
^^^sity ^ ^ (PSD)x. Since (ACF)x is an "even" function of T (for a negative 
value of T it would have the same value as for the corresponding positive value 
of Ti the Fourier transform takes the form 


(PSD)x = (FT)(ACF)x 



00 


= 2| (ACF)x cos (jTdT 
0 


(11-59) 


11.60. The mathematical theory on which (ACF)x and (PSD)x are founded 
calls for integration to infinity, using a time series from t = - ootot = + oq and 
all values of T from T = 0 to T = + oo. In practical applications it is sufficient to 
use closely-spaced values of T over the range in which any appreciable energy 

is to be expected, and to use a record with a duration many times as great as the 
largest value of T, i.e,, 


^ ^(fin) ^(init) 


] > T 


(max) 


(11-60) 


The difference between the theoretical time series of infinite duration and the 


practical time series of limited duration results in the practical (PSD)x curve 
having a narrow peak at the frequency of each sinusoidal component, where the 
theoretical curve would have a "delta function," a peak of zero width, infinite 
height, and finite area. A time series consisting of a finite band of frequencies 
(for example a speech signal) will yield a (PSD)x curve which describes the 
relative power density through the band. In the practical case of a series of 
limited duration, the band will be very slightly broadened and any very steep 
slopes will be slightly flattened. 
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CHAPTER 12 


REPRESENTATION OF PHYSICAL SITUATIONS BY 

MATHEMATICAL FORMS 

PHYSICAL QUANTITIES AS FUNCTIONS OF A RUNNING VARIABLE 

12.1. Representation of physical quantities by mathematical forms is a pri¬ 
mary requirement if the processes of theoretical analysis are to be usefully ap¬ 
plied to the problems of instrument engineering. This representation must pro¬ 
vide both for variations that are free from roughness and for variations that con¬ 
tain uncertainty or roughness components of appreciable magnitude. 

12.2. The statistical methods discussed in the preceding chapter will usually 
be required to represent uncertainty and roughness components.* It is the object 
of the present chapter to describe generally useful forms for representing changes 
In which roughness effects may be disregarded. This means that consideration is 
limited to changes in theoretical or actual variations that remain when roughness 
components are removed by the action of some system, or are disregarded for 
the purposes of discussion. The quantity-describing forms must be suitable for 
representing variations with respect to time of the Independent quantities that act 
as the inputs for operating components or systems, and also the dependent quan¬ 
tities that are the corresponding outputs. Because the dimensions of the quantity 
described do not affect the mathematical form of the describing function required 
in any given case, simplified working variables are generally used to represent 
actual quantities. The working variable symbol is q(t), to show that the quantity 
described is considered as a function of time or any other running variable that 

may be represented by t, 

12 3 The material of this chapter is not intended to give rigorous proofs for 

the mathematical properties of the forms used to represent Pjjf.‘f ^ • 

These proofs are generally available in texts on mathematics and 

are not required for present purposes. The information required to apply the 
simple power series, the impulse function, the Fourier series, and the Fourier 
integral to describe variations of the working variable as a function of the run- 
ning variable is summarized from the standpoint of engineering applications. 
Dimensionless ratios are introduced to generalize representations of essential 
variations and to stress the importance of working in terms of these ratios. The various 

. Ezceptioo, to this rule «y occur in problems inyolving roughness For es^le, it may sometimes be 
possible tD^p»*im.te roughness components by mean, of . combinauon of sinnm,.dal terms. 
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performance-describing forms and the auxiliary information necessary for en¬ 
gineering applications are summarized in a series of definition summaries and 
figures designed for ready reference by engineers who are concerned with prac¬ 
tical applications rather than with the niceties of mathematical derivations. 

POWER SERIES REPRESENTATION 

12.4. It is a well-known theorem of mathematics^^^’^'^^’^^®^ that variations of 
the kind generally associated with physical quantities may be expressed in terms 
of a power series. The typical power series form is shown in Eq. (1) of Definition 
Summary 12-1. This equation relates q(t) to the sum of a constant term, Bq, and 
all powers of t, each multiplied by a coefficient Bj, Bg, .... The individual 
terms of the power series may be given special names and represented as the 
ordinate, with t as the abscissa. 

Step Function — For example, Definition Summary 12-lb illustrates 
the effect of a single, constant term Bq that appears suddenly with 
a positive value at the initial instant. A change of this kind has the 
profile of an upward step and, for this reason, is called the increas¬ 
ing step function. To illustrate the general method for describing 
the situation represented by an equation. Definition Summary 12-lb 
gives a summary that specifies the increasing step function in con¬ 
cise mathematical terms. Definition Summary 12-Ic is a descrip¬ 
tion of the decreasing step function, which corresponds to a power 
series with all coefficients equal to zero except for the constant 
term, which is assutned to change instantaneously from Bq to 0 at 
the initial instant. 

Ramp Function — Sections d) and e) of Definition Summary 12-1 rep¬ 
resent the variations corresponding to the first-power term of the 
power series when the coefficient is respectively positive and 
negative. Graphically represented, this term corresponds to a 
straight line sloping upward from zero when the first-power co¬ 
efficient is positive. This variation is called the increasing ramp 
function because it has a shape like the profile of a ramp. The 
decreasing ramp function appears when the coefficient Bq is posi¬ 
tive, and the first-power coefficient Bj comes suddenly into exist¬ 
ence with a negative value at the initial instant t = 0. 

Parabolic Function — Sections f) and g) of Definition Summary 12-1 
illustrate respectively the increasing parabolic function and the 
decreasing parabolic function, which correspond to the positive 
and negative values of the second-power coefficient Bg. 
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Xhe generalized infinite pou-er series in the running •. axiahlc f aic fur«i 

q(f) - . B,t - ■ 8 t'* . . 


where 




are conMants 


t = running variable to be determined lor each iiifcrcnt q(t) 

a) ftepresenfanon of a ph/sicnl r^tjantit/ b/ a pc^er serres 


(1) 


A step function exists if 


and 


t - 0 (initial instant) 


B. = 0 


0 


= 0 + (constant) 


q(t) = 0 
q(t) = B 


0 


B. - B 


B. . . . 


0 


I 




0 


t ^ 0 
t 0 
t S 0 


b) Increasing step function 


an d 


B, ^ 0 

Bo - 0 
q(l) -- B 


t 


(constant) 


0 


0 


q(f) - 0 


t 


0 


t - 0 

t 0 
1 ■ 0 


c) Decreosing step function 


A ramp function exists if 


B 2 = B, == . . . 


0 


and 



Bo = 0 

B.=0 


t = 0 


t 




0 


+ (constant) 

q(t) = 0 
q(t) = B,t 


t ^ 0 
f - 0 
t ^ 0 


d) Increasing ramp function 


A parabolic function exists if 


B 


and 



Bo = 0 


63 = 0 


B: 

q(0 

q(t) 


> (constant) 




t < 0 

t i 0 

f < 0 

t S 0 


f) Increasing parabolic function 


and 



Bo = 

B, = 


(constant) 


0 


B, = - (constant) 


I 

q(t) 

q(») 


= B 


0 


. B„ - B.t 


c) Decreasing ramp function 


B, - B, 


B, .. . = 0 


and 



Bo = 


* (constant) 


62 = 0 

B, = - (constant) 


2 

«!(•) 


B 


0 


0 




0 


^ 0 
■ 0 
i 0 


q(») = B„ - B 2 t 2 

g) Decreasing parabolic function 


t - 0 
t ^ 0 
t < 0 


t ^ 0 


Definition Sommory 12.1. Representotion of 0 physical quontity by 0 generolized power series. 
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All the terms of the power series may be represented individually by the method 
illustrated for the constant term, the first-power term, and the second-power 
term. When more than one is present, the graph representing the working vari¬ 
able is the resultant of all the curves for the individual terms. The constant 
term, the first-power term, and the second-power term are forms that have en¬ 
gineering applications, A number of these applications are discussed in Volume III. 
When more than the first three power series terms are required to describe a 
physical situation, the power series becomes so cumbersome from the standpoint 
of mathematical treatment that it is generally advantageous to abandon this form 
for functions better adapted to the representation of complicated variations. It is 
also generally true that the work of finding the solution for a given differential 
equation (like the performance equation derived in Chapter 8 for the spring and 
piston engine indicator) when the independent variable is expressed as a power 
series is complicated by the fact that each term of the series is different. Ex¬ 
cept for the especially simple situation mentioned above, it is usually good pro¬ 
cedure to represent quantities by means of functions with component terms that, 
from the standpoint of the operations involved in solving differential equations, 
may be described by a single mathematical form. 

EXPONENTIAL SERIES 

12.5. A procedure often applied to improve the usefulness of the power series 
method is to change the basic form of Eq, (1), Definition Summary 12-1, into 
another series with each term in itself an infinite power series. These component 
series are defined in many ways for convenience in fitting the requirements of 
special situations. One of the most widely effective of the possible component 
forms is the exponential series,* defined in Eq. (1) of Definition Summary 12-2. 

The special advantage of this series for differential equation work is that it is 
unchanged by differentiation with respect to its running variable (t). Because 

the immediate concern is in representing quantity variations rather than in find- 

* 

ing formal solutions for differential equations, no attention is given here to the 
mathematical behavior of the exponential series. This behavior is discussed at 
length and is applied many times in finding solutions for the formal equations that 

are considered in Volume II. 

12.6. Section a) of Definition Summary 12-2 shows that the exponential form 
is written as the base of natural logarithms, e, raised to the kt power. In this 
exponent the coefficient k must have the dimension of inverse time in order for 
the exponent itself to fulfill the basic requirement of no dimensions. The expo¬ 
nential series is defined as the sum of unity and a series of terms including all 

• The exponential series is defined and its important properties are discussed by Franklin in Metho ds ol 
Adyanced Calculus (17). 
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The generalized power series in t may be written as a sum of specified power series forms. For example, the 
exponential series is defined as the sum of an infinite series of terms with the form of 


= 1 + kt + 


+ 


• • 


( 1 ) 


2 ! 


3! 


oj Definition of exponential series 




Geometrical representation of positive exponential. 



3! 


( 2 ) 


c) Geometrical representation of negofive exponenfio/ 


The (j(t) generalized power series form of Eq. (1), Definition Summary 12“1, might be written 


+ 3k.t 




p*i -k.t -2k,t “3k,t 

BJ/ \c ^ + B-/_\ e + B, * 


2(-)« ■ + °3(-) ^ • 


• • 


(3) 


where values of B' B!/ x, B' .... must be determined to fit any given function q(t). 

Geometrically, Ls e^auon means that when k is teal, the .pantity q(t) would be represented as the resultant 
of an infinite series of component curves like those of b) and c). The situation that exists when k is imaginary is 
discussed in Dcfinitioo Summary 12-3i illustrated in Fig. 12* 1. 

d) Representation by exponential series. 


Definition Summary 12-2. The generolized power series in terms of exponential series components. 


powers of kt, each term having a coefficient equal to the reciprocal of the fac¬ 
torial for the power of kt appearing in its exponent. The series definition ap¬ 
plies for values of k that may be either real or complex, and positive or nega¬ 
tive. Typical exponential curves for real values of positive and negative k are 
shown in sections c) and d) of Definition Summarv 12-2. The positive exponent 


gives a curve that starts at unity and diverges from the zero axis of the plot. 
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The negative exponent gives a curve that starts at unity and asymptotically ap¬ 
proaches the zero axis with a slope that is proportional to the ordinate of the 
plot. In practice, the positive exponential is a typical form for representing 
instability of a function while the negative exponential is a typical form for rep¬ 
resenting stability of a function. 

SERIES OF EXPONENTIALS 

12.7. Section d) of Definition Summary 12-2 illustrates the form of a series 
for q(t) made up of a constant and an infinite set of terms, each of which is itself 
an exponential with an integer corresponding to the order of each term multiply¬ 
ing the positive k of the exponent. A similar set of terms occurs for negative 
values of k. Each exponential term is multiplied by a coefficient that must be 
given a proper value when the series is used to describe a given function q(t). 
When the value chosen for kj is real, the series of Eq. (3) of Definition Summary 12-2 
represents the sum of an infinite set of positive exponentials and an infinite set 
of negative exponentials, each of which corresponds to some curve shape like 
the plots of sections b) and c) of Definition Summary 12-2. It is possible to cause 
the resultant of these exponential component terms to represent a given function 
q(t) with the same degree of satisfaction that the simple power series of Definition 
Summary 12-1 could be made to represent the given function. From the stand¬ 
point of analysis, it is advantageous to use the exponential series form in de¬ 
scribing functions of t because a formal solution for a typical exponential term 
may be easily applied to all the exponential terms. 

IMAGINARY EXPONENTIALS 

12.8. An especially useful form of the exponential series appears when the 
k of the defining equation becomes imaginary. For the purposes of discussion k 
will be replaced by the symbol jw, where j represents the square root of minus 
one, and w is a coefficient with the dimension of inverse time. It is shown later 
in the discussion of exponentials that w corresponds to the revolution frequency 
of a rotating vector that may be associated with the imaginary exponential func¬ 
tion. For this reason it is called the angular frequency, which is equal to 27T 
times the frequency, n. Equations (1) and (2) of Definition Summary 12-3 are 
the forms taken by the exponential series when the exponent is respectively posi¬ 
tive imaginary and negative imaginary. 

RELATIONSHIPS OF EXPONENTIALS AND TRIGONOMETRIC FUNCTIONS 

12.9. The graphical interpretation of the imaginary exponential series is 
simplified by noting that the real part of the exponential is a series identical with 
the defining series for cos wt, and the imaginary part of the exponential series 
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The exponential series may be written with the coefficient k imaginary instead of real as in the defining 
Eq (1) of Definition Summary 12-2. The imaginary exponential series appears if + k becomes ± jw 

where 


j = = 

w = 2 ?rn 

n = frequency 


imaginary unit 
angular frequency 


The corresponding exponential series forms are 




(wt)^ 


-M' .... 


2! 

4! 

6! 


+ j [wt - 

(wt)5 

3! 

(wt)^ 1 

(1) 

_ (wt)2 


- M ^ .... 


2! 

4! 

TT 


- j[wt - 

(wt)^ 

TT 

. -M’ .... 1 

(2) 


oj Oefinifion of /moginory exponenfio/ series 


It is usehil to note 
metric sine and cosine series, i.e., 


that the teal and i-aginary component series of Eq. (2) are the equations for the trigono- 


cos ¥rt 


. 1 *... 


(3) 


TT “4! 


61 


sin vrt 




(4) 


«.d .i.= .0 d.. i- El- «>• "" 


The solution of these equations 


e’** = cos wt + j sio 
e'i^‘ = cos wt - j sin wt 

for the trigonometric functions in terms of the exponential shows that 


(5) 


( 6 ) 


cos wt - 




(7) 


sin wt = 


jwt _ g-jwt 

" 2 ) 


( 8 ) 


b) Relationships between imaginary exponentials and trigonometric functions 


Definition Summary 12-3. 


Relationships among exponential functions ond trigonometric functions 




is identical with the defining series for sin wt. These trigonometric series forms 
are given by Eqs. (3) and (4) of Definition Summary 12-3. The essential relation¬ 
ships among the trigonometric functions, and positive and negative imaginary ex¬ 
ponentials, are summarized in Eqs. (5), (6), (7) and (8) of Definition Summary 12-3. 

12.10. Figure 12-1 summarizes the geometrical interpretation of the imagi¬ 
nary exponential form when the argument, (wt), is a real constant and the exponen¬ 
tial. IE, (for imaginary exponential), is multiplied by a real constant (lE)^. This 
constant is the amplitude of (IE). The magnitude of the exponential e^^^ is pro¬ 
portional to the square root of the sum of the squares of cos (wt)j and sin (wt)j. 
Because the sum of sine and cosine squares is always unity, it follows that the 
magnitude of the exponential itself is always unity. This statement is true for 
both positive and negative values of the imaginary exponents. 


Geometrical interpretation of the imaginary erpooentials is based on the relationships 


(IE) = = aE)Jcx>s(wt)^ + jsin(wt)j] 


( 1 ) 


and 


(IE) = (lE)^e*^'^* = (lE)Jcos(wt) - jsin(wt) ] 


( 2 ) 


where 


(lE)^ = amplitude of imaginary exponential 
(^) = argument of imaginary exponential 

When the positive and negative exponentials have arbitrary constant amplitudes and constant arguments, 
and respectively, the situation may be represented by vectors plotted on the complex plane; i*e*. 


Length of Vector is (IE) 


o'S 


( 0)1 




[(Re)(iE)^r + [(/*>aE)J 


os 1 

.2.S I 

N tC * 


Note: 

In this illustrative example (^)2 

shown as havinq a neqatlve value. Or¬ 
dinarily the rurminq variable t Is not 
allowed to take on neqotive values. 


Length of Vector is (lEl^^j^ 




(Im) + l(Re)(lE)^P 


(IE)2 = 


J(wt)2 



J(wt) 


(IE), = (iE),„,,e 


Imaginary Component of (lE)^ 

j(IE),,„sill(wt), 


Axis of Reals 


Real Coo^onent of (lE)^ 
(Se^OE), = (lE),^,,a)s(wt), 

Ima^nary Component of (lE)^ 


Real Component of (lE)^ 

{ReJ(IE)2 = <IE)(„j2COS(wt)2 

a) Graphical representaf/on of imaginary exponentials with constant orgomenfs 


Fig. 12-1. Graphical representation of addition and subtroction for imaginary exponentiols. (Page 1 of 2) 






Axis of Retls 


91 



^ a* 


J(wt) 


(IE) 


<‘^>,0)2® 


Sxibtroctlon 1 b carried out 
os addition, with the sign 
reversed on the term to be 

subtracted. 


(lE)l = (IE)(ajie 


l(wt) 



(IE) = (lE)^ + <IE)2 = loutginiry Exponential Resultant 



Length of = |/(lE)j^ + ^*^^2 


4 - 




b) Graphical represontation of the sum of imaginary exponentials 




(iE)j + <iE); = + fRexiB)i + j[rMiE)i + 

= 2fReXlE)^ = 2(IE)(„^jCOS(wt)j 

c) Graphical raproMomtation of the sum of an i«o9<no»y oxponontial 


|7m>lE)p 


ond its coapioM coa/ugofe 



(IE)j - (IE)J = j[r^n*AlE)j - rWlE>il 

= j2(IE)(a)lSin(w0l 


<IE)j = (IE),ajiC 


j(wt) 


1 


Ajdi ei Reftla 


(IE) = <IE)| = CoHiplex Oningftte of (lE)^ 


.j(wt) 


= <•^>(0)1® 


1 


dj Graphical raprasanfatton 


fon of the diHerenee of an imaginary exponential and its complex conjugate 
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COMPLEX PLANE REPRESENTATION OF IMAGINARY EXPONENTIALS 

12.11. Figure 12-la shows the representation of imaginary exponentials on 
the ^mplex plai^ which has reals plotted as abscissae and imaginaries (terms 
that include j as a factor) as ordinates. Oneofthetwo illustrative exponentials 
shown in this figure has the constant argument (wt)j. The real component of this 
term (represented by (Re)(IE)j) is along the axis of reals and is equal to the am¬ 
plitude multiplied by the cosine of the argument. The corresponding imaginary 
component of (lE)^ falls along the imaginary axis and is equal to the amplitude 
multiplied by the sine of the argument. The imaginary exponential itself is com¬ 
pletely represented by a vector of length (lE)^^^ making an angle (wt)j meas¬ 
ured counterclockwise from the positive direction of the axis of reals. The cor¬ 
responding representation for (IE )2 is a vector of length (IE)(gj 2 making a nega¬ 
tive angle (wt )2 (i.e., measured clockwise because (wt )2 has been taken as nega¬ 
tive in the illustrative example) from the positive direction of the real axis. 

In terms of real and imaginary components, the amplitude of any given imaginary 

exponential is equal to the square root of the sum of the squares of the real and 
imaginary components. 

ADDITION OF IMAGINARY EXPONENTIALS 

12.12. Figure 12-lb illustrates the rule for addition of imaginary exponen¬ 
tials. Graphically, the sum of two exponentials is the resultant of the two 
vectors that represent the individual exponentials. The real component of the 
resultant is equal to the sum of the real components of the exponential terms. 
Similarly, the imaginary component of the resultant is equal to the sum of the 
imaginary components of the exponential terms. The subtraction of two exponen¬ 
tials becomes identical with addition when the sign of the terra to be subtracted 
is reversed. 

12.13. A special case of addition occurs when an exponential and its com¬ 
plex conjuga^ are combined. By definition, the complex conjugate of a given 
exponential is an exponential with its amplitude equal to the amplitude of 
the given exponential and with its argument equal to the negative of the 
argument of the given exponential. In effect, this definition means that the 
real component of an imaginary exponential and its complex conjugate are 
equal, while the imaginary components have equal magnitudes but opposite 
signs. Figure 12-lc shows that the sum of an imaginary exponential and 
its complex conjugate is a real quantity equal to twice the real component of 
the exponential. The corresponding difference of a given imaginary exponent 
and its complex conjugate is an imaginary quantity equal to twice the imaginary 
component of the given exponential. This difference is illustrated by the diagram 
of Fig. 12-ld. 
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Amplicude of Product = Product of Amplitudes of Factors 
Aigumeot of Product = Sum of Arguments of Factors 

a) Graphical representation for product of two imaginary exponentials 


j(wt)2 

I 



(IE) J 

” Amplitude of Quotient = Ratio of AmpUtude of Numerator Factor 

to Amplitude of Denominator Factor 
Argument of Quotient = Argument of Numerator Factor minus 

Axeument of Denominator Factor 

b) Graphical representation far division of two imaginary exponentials 

Fig. 12-2. Graphical representation of multiplication and division of imaginary exponentials. 


MULTIPLICATION AND DIVISION OF IMAGINARY EXPONENTIALS 

12.14. Figure 12-2a illustrates graphically the meaning of the product of two 
imaginary exponentials. The amplitude of the product is equal to the product of 
the amplitudes of the factors, and the argument of the product is equal to the sum 
of the arguments of the factors. Figure 12-2b shows that the division of two ex¬ 
ponentials gives a quotient that has its amplitude equal to the ratio of the ampli¬ 
tude of the dividend to the amplitude of the divisor and its argument equal to the 
difference between the argument of the dividend and the argument of the divisor. 
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rotating vector and sinusoidal curve representations of 
exponentials with time-varying exponents 


imaginary 


12.15. From the standpoint of practical applications, many Important proper¬ 
ties of the imaginary exponential appear when the argument is no longer constant 
but changes with time. As shown in Fig. 12-3, this means that the angle between 



c) Cosine function representation 


ig. 12*3. Graphical representotion of relotionships among imaginary exponentials and corresponding sine 

and cosine functions having arguments that vary with time. 
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the positive direction of the axis of reals and the vector representing the imagi¬ 
nary exponential increases linearly with time so that the vector rotates in a 
counterclockwise direction with a constant angular velocity that has a magnitude 
equal to w. The real and imaginary components of the exponential are respectively 
represented in Fig. 12-3 by a cosine curve drawn with the axis of Imaginaries as 
its zero axis, and a sine curve drawn with the real axis as its zero axis. Each 
of the trigonometric curves completes one cycle in a period equal to the time 
interval required for the exponential vector to move through one revolution. The 
angle wt is taken as equal to zero and integral multiples of 27r when the vector is 
coincident with the axis of reals. Angles and time increase toward the right for 

the sine curve and downward for the cosine curve. 

12 16. The sine curve, the cosine curve, and the rotating vector that repre- 

senK the corresponding Imaginary exponential are always connected by the re¬ 
lationships ol Fig. 12-3. This means that the most suitable ol the three forms 
may be applied in finding solutions lor any given problem. It is unnecessary o 
use rigorously complete mathematical expressions to show relationships among 
the exponential and trigonometric forms as the details ol a solution are being 
worked out. For example, the exponential form is usuaUy best suited for finding 
u,e solutions of any differential equation lor sinusoidal forcing functions^ On e 

Zsical Quantities as they change with time. In practice, the most conven ent 
form lor any given situation is used, with shifts between exponentials and trigono¬ 
metric functions being written down without including formal details whenever 

transformations of this type are desirable. 

REPRESEMTATIOH OF SINUSOIDAL FUNCTIONS WITH THE SAME FREQUENCY 

12 n Figure 12-4a illustrates a very common situation in which the rela- 
tlonshlpbetween two sinusoidal variations ol the same frequency is important. In 
this example the sinusoidal function (SF), Is taken as the reference function and a 

If Hon (SFl is the compared function. The rotating vector co 

second sinusoidal function (S ^ .^^^oldal variations is shown at the left of 

are" 

the sinusoidal curves. The a^ a, uluusoid 1 - sinusoid 2 phase ansU, with 

'“’h^TpAl "TpMoSsrangli:;;;rri;theT5^c-e subscr.pt posmon 
with 2 in the compared quantity velocity, 

the positive 'a" ^102^1 This means that the phase angle Is ac- 

i.e., counterclockwise ^„„ 3 aons that Involve phase 

“J’ T“sQr 1 (pI) ae written after a plus sign wlU. the understanding 

carry Its own sign as required to represent a given function. 



jwi 


(SF)^ = (SF)^^j^smwt 


^ Sinusoidal Function 1 Amplitude 



>^>2 = 


iPA) 


(I -;) 


Sinusoid 1 f Sinusoid 1 , dl a • 

Exponential j* “I Exponential | 2 Phase Angle 


The positive sense of the phase angle is counterclockwise on the diagram; 
for example, the phase angle shown is negative, i.e., a lag angle. 


a) Graphical representation of two sinusoids having the same frequency 


(lE)^ - 






(SF)j = (SF)j^,,Sinw,t 


(SF)j = (SF),„,jSin[W2t + (PA)„.2)2] 



(1-2)2 W, 


( 1 - 2)2 n 


= (PA) 


(1-2) T 






Referred to Exponential 1 Angular Frequency 


Note: 

The term "imaginary" Is omitted from 
the imaginary exponential term because 
Only exponentials of this kind are con¬ 
sidered here. 


<-->,.-2,2={“ti.l }* - { "tial } ^ 

Referred to Exponential 2 Angular Frequency 

}• - ]^F.e,ueacyR..io 


b) Graphical representation of two sinusoids having different frequencies 

» 


12-4. Representation of imaginary exponentials and the corresponding sinusoidal functions having 

arguments that vary with time. 
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representation of sinusoidal functions with different frequencies 

12.18. Situations are common in which the relationship between two sine 
functions of different amplitudes and frequencies must be described. The 
method of Fig. 12-4a may be applied here except for the specific difference 
that the angular frequency Wg of the second component is not equal to the 
angular frequency w^ of the first component, and the phase angle (PA)/j_2)2 
requires the third subscript 2 to show that the angle is measured in terms 
of the Wgt angle scale. In order to reduce this phase angle to the scale of 

the first sinusoidal component, it is necessary to multiply (PA)(i_2)2 
sinusoid 1 - sinusoid _2 frequency ratio, which is by definition equal to the 

Tatio o7the frequency of component 1 to the frequency of component 2. The 
symbol for this ratio is (FR)( 2 .i), ^here (FR) stands for frequency ratio; 
the reference position subscript 2 shows that the reference frequency is that 
of sinusoid 2; and the compared frequency is that of sinusoid 1. The symbol 
for the phase angle referred to the component 1 angle scale is (PA)(i. 2 )i- 
It is important to note that in situations like that illustrated in Fig. l2-4b, 
the phase angle has a simple meaning on the rotating vector diagram only at 
instants when the reference vector (vector 1 in Fig. 12-4b) is coincident with 
the positive real axis. The relationships at an instant of this kind are illus¬ 
trated by dotted-line vectors in Fig. 12-4b. 


FOURIER SERIES 

12 19 The Fourier serlcs*’l*'°* [or representing lunctlons ol time is 
made up of an infinite series of negative imaginary exponential terms and an 

infinite series of positive imaginary exponential terms ” 

integer values of a parameter r that defines the order of eaeh term. The aero 

value of r corresponds to a constant term. The formal expression for the 
Flier series in exponentlai form is given in section a) of ■definition Sum¬ 
mary 12-4. Each of the exponential terms in this series has an amplitude 
and a phase angle, both of which must be properly chosen for each term rten 
the series represents any given function ,(t). The angular frequency of the 

p-^iofs :::rrer^^vrr:c:nr 

rrtrr :u:::^e »■ r"rr:rrrLdar^ 

SiefifterrrtbriiH-^-iii^ rrr«ie";aT; 

pressed lor the r"- order term by attaching the subscript (1-r) to the phase 
angle symbol (PA). 

• mi en... “4" 

quantity subscript to the order of the reference term. 
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Id terms of imagiaary exponeotials the Fourier series has the form 


*1 - T v,,,,,*""'""*’'-’''’ 


(1) 


^iicrc r has all integer values from -oo to 4 «> 


2 TT 

= _JL = 2 TTll^ = Angular frequency of first-order component 

* 1 

*^(a)(e)r “ Amplitude of r*^ order exponential component 
q(t) = Function of time 

(PA),.,(1-0. = Phase angle of r^^-order exponential component with respect to the first-order component 

measured in r -order angular units (see Figs. 12*3 and 12‘4 for definitions of other symbols) 


and 


j(PA) 


(a)(e)r 


(« 




( 2 ) 


^(fs)o = **(fs)(ciisO = I ^Wd(t/T) = Fourier series constant (this 

•^0 is the average value of q{t)) 

Dividing trough by and writing the exponential terms as a summation gives 


term 


(3) 


q(f) 


(fs)(CQSt) 


“ V (AR) 1 - r)r^ 


(4) 


where 


(AR)<e 


)(0-r) 


r /T.) 

f q{t)d(t/Tj) 

J A 


(AR)( e)(0-r) “ zero —r^ term exponential amplitude ratio 


a) Fourier series in terms of imoginory exponentials 



With sine and cosine terms the Fourier series becomes 



^(fsXcost) **■ + ••• 


where 

‘*(»X5)r 

*^(a)(c)r 


Amplitude of r 
Amplitude of r 


th 

sine component 
th 

cosine conponent 



Definition Summary 12-4. Fourier series forms. (Page 1 of 3) 
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( 7 ) 


a 

^(a)(s)r " ' 

q(t)sin(2J7r(f/Tj^))d(t/T^) 

0 



^(a)(c)r 

21 q(t)cos(2i7r(t/Tj))d(t/Tj) 

J 0 

/•l 

^(fs)(cnsi) 

a 

q(t)d(t/Tj) 

* ft 


Dividing through by q^^Kcnst) """’“"8 

q(<) = 1 + X (AR)(^j^(,.^)Sin(rw,t) 

^(fs)(cnst) f=l 



r=« 

^ X (AR) 

t=i 


(^\s)(0-r) " 

q(a)(s)r 

til 

Zeto-to-t^ sine term 

*i(fs)(cnst) 

amplitude ratio 

/AR\ 

*^(a)(c)f 

Zero-to-r^ cosine term 

^^\c)(0-r) - 

^(fs)(cnst) 

amplitude ratio 


b) Fourier series in the sine-and-cosine term form 




( 10 ) 




Expressed in sine terms and phase angles, the Fourier series becomes 


q{t) = q(fs)(cnst) + q(.)(s)(p.)l”“^'^l‘^ ^ £ q(aHs)(p.)r®‘"f''*l’ ^ 


(PA) 


(sXl-r)t 


] 


(13) 


where 


^172 . a2 . . = r* sine-phase angle term 

’^(»)(s)(P»)' ~ y ^{s){c)t (»)(s)r amplitude 



iPAl -_ -1 ‘*(«)(‘^)' = Fitst-to-r* siM term phase angle 

'"^^'(sHl - r)i q(,)(s)t expressed in r* term angle units 

Dividing through by q^.^xcnsr) 

q(t) = 1 + T (AR)(.)(p.)(o.r)«“t'^‘ 

fl(fs)(cQsr) 

*^(>)(3)(p*)r ^ Zeio-lo-r* sine-phase angle 

'^^(s)(pt)(0-r) " term amplitude ratio 

c) Fourier series in the sine - phase angle term form 

r 1*1 i Fflurier scfifis forms. (P 09 ® 2 of 3) 
Definition Summary 12-4. founer senes 
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Expressed in cosine terms and phase angles, the Fourier series becomes 


■ \is)(cnst) ^ 1 -r)!^ 


f=l 


ahere 


^(a)(c)(pa)r 


'’(\)(c)r = ‘l(\)(s)r = r'*'cosine-phase angle 

form amplitude ratio 


(PA)^^j ^ = tan"^ = First-to-r^ cosine term 

^{a)(c)r phase angle in term 

angle units* 

Dividing through by 9(fs)(£.Q5(j ^nd summing the cosine terms gives 

<i(0 , 1 ^ V rrtc Tr W t - 1 . fPAV 


^(fs)(cnst) r=l 


where 


(AR),, 


)(pa)(0-f) 


= ^(»)(c)(P^_)^ = Zero-to-r*^ cosine —phase angle 


*^(fs)(cnst) term amplitude ratio 


( 18 ) 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


* . .“lis differs from usage by others (for example, see Wylie (37), pages 129 to 132) who write the series as 


ar.d define 


= ‘J(f3)(cDst) ^ *^(a)(c)(pa)r*^®®l^^'^l^ “ l-r)r^ 

r=l 

fPA^ - .»n-l ‘*(“)(s)r 

''(aXc)r 

d) Fourier series in the cosine • phase angle term form 

Definition Summary 12-4. Fourier series forms. (Page 3 of 3) 


IMAGINARY EXPONENTIAL TERM FORM OF FOURIER SERIES 

12.20. It is shown in texts* on Fourier series that the imaginary exponential 
corresponding to the product of the r*^^ order component amplitude and the expo¬ 
nential with as the exponent is equal to the integral from 0 to unity 

with respect to the ratio (t/T^) of q(t), multiplied by e raised to the -j27rr(t/Tj) 
power. The limits of integration correspond to the beginning and end of one 
period of the fundamental. The constant term of the Fourier series is found 
by an integral similar to those for the exponential terms except that the exponen¬ 
tial is omitted from the integrand. 


ORTHOGONALITY PROPERTIES OF IMAGINARY EXPONENTIALS AND 
TRIGONOMETRIC FUNCTIONS 

12.21. The mathematical relationships** that establish the integrals to deter¬ 
mine amplitudes and phase angles for the exponential terms that may be used to 
represent any given function q(t) are summarized in Definition Summary 12-5. 


• Sec references (7), (10). 

• • These relationships are rigorously derived in the 


previously cited books by Bycrley (7) and Churchill (10). 
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For exponential terms, the essential fact is that if the product of two exponen¬ 
tials with exponents that differ only in multiplying integers is integrated between 
zero and unity with respect to the ratio (t/T), the result is zero if the integers 
are different, and unity if the integers are alike in magnitude but have differ¬ 
ent signs. This fact may be verified by direct substitution in Eq. (1) of 
Definition Summary 12-5. 

12.22. The equations of Definition Summary 12-5 are all written with the 
ratio t/T (where T is in general a "reference period") as the variable of inte¬ 
gration. This choice of the integration variable is made in order to place all 
operations in nondimensional terms and to give the simple integration limits 
of zero and unity for the time interval corresponding to one reference period. 

12.23. Equations (2). (3), and (4) of Definition Summary 12-5 show that the 
typical behavior described above for integrals involving imaginary exponen¬ 
tials also holds for integrals with sines or cosines replacing the exponentials. 
For example, the integral over one complete period with respect to t/T of 
the product of a sine and a cosine with integer coefficients multiplying 2iTt/T 
in the arguments of the trigonometric terms is always zero. When the inte¬ 
grand is a product of sines, or a product of cosines, the same result holds ex¬ 
cept when the arguments for the two terms of the products contain the same 
integer. In this case, the value of the integral over one complete period is 


eaual to 1/2. , ^ • ^4 

12 24 Functions that shot, properties like those discussed above for imagi¬ 
nary exponentials, sines, and cosines are called orthogonal funcho;^ The re- 
culrements that apply to all orthogonal functions are given in genera 
section b) of Definition Summary 12-5. In addition to the exponential and trigono 
metric forms, many functions have the property of orthogonality and may e used 
for describing physical quantities. Many of these functions are discussed in 
treatises on mathematical analysis!^®' Because the mathematics required to 
process exponential and trigonometric functions is 

easily generalized to describe stlualtons ivlth all degrees of complexity, forms 
this type are very widely used for describing variations of physical quantities. 

The alLst universal appUcablllty of exponentials, sines, and cosines to the prob¬ 
lems of instrument engineering dictates the decision to give these functions a 

position of primary importance in this book. 


cnpu OF FOURIER SERIES WITH IMAGINARY EXPONENTIAL TERMS 
NONDIMENSIONAL FORM OF FOURItK 

12 25 When both sides of the exponential Fourier series of Eq. (1) of Defi- 
12.25. and the separate exponen- 

nition Summary 12-4 are div y ^ 4 ) j the defini- 

llal terms are brought together tn a n’ the zero - r)^ 

tion summary appears. Each exponential term is mu p 
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The coefficient-determining equations of Definition Summary 12-4 depend upon the following integral rela¬ 
tionships:* 


I 


1 

ei2^('/T)ei27rs(t/T)d(j/T) ^ 0 Whenr ^ 

® =1 when r = - S 

r, s are positive integers 

cos(2 ffr(t/T)) sin(2/rs(t/D)d(t/T) = 0 for r, s any value 


( 1 ) 


( 2 ) 


I 

cos(2 ffr(t/T)) cos(2 rrs(t/T))d(t/T) = 5^ when r = S 

® =0 when r ^ S 

1 

sin(2 rrr(t/T)) sin(2 frs{t/T))d(t/T) = when r = S 
® =0 when r S 

The above results are unchanged if i ’rr{l/T)) becomes cos (2 nr(t/T) ± A) 

^sin {2nr(f/T)) becomes sin (2ffr(l/T) * A) 

where A is a constant angle. 

a) Orthogonal relationships for exponential vid /rigonomefr/c fonefions 


(3) 


(4) 


By definition, the set of functions 


fj(t/T);f2(t/T);...f„(f/D 


forms an orthogonal function system if 

1) all functions are continuous in the interval a < t/T < b 


2 ) 


J*’ If,(t/T)I d(t/D, andj*’ |f,(t/T)|2d(t/D 


, are finite 


3) 


f h 

f,(t/T)f,(f/T)d(t/7) > 0 whenr = s 

* =0 when r ^ S 


(5) 


(6) 


In general, (|(t/T) may be expressed in terms of an orthogonal function system if it is possible to write 


q(t/T) = £ q,f,(t/T) 

s=I 

b) Definition of orthogonal funefion system 


(7) 


* See A Short Table of Integrals, Peirce (30). 


w 

Definition Summary 12-5. Generalized orthogonol relotionships. 


order amplitude ratio, with the main symbol (AR) and a subscript with zero 
(to represent the zero^^ -order term) In the reference position, and r (to 
represent the r^ order) in the compared quantity position. The amplitude 
ratio subscript convention makes it possible to represent the amplitude ratio 
resulting from the use of the amplitude of any term as the reference quantity 
in forming the ratio. The defining relationship for the amplitude ratio and 
phase angle of a typical Fourier series term is given as Eq. (5) of Defini¬ 
tion Summary 12-4. 



SIME AND COSINE TERM FORMS OF FOURIER SERIES 

12.26. The Fourier series may be written in the form of Eq. (6) of Definition 
Summary 12-4, which has a constant term, an infinite series of sine terms, and an 
infinite series of cosine terms. In this sine-and-cosine Fourier series, no phase 
angles appear in the arguments of the trigonometric terms. Equations (7), (8) and (9) 
of Definition Summary 12-4 give the integrals that rela te the amplitudes of individual 
terms to the function q(t) and the order of the term considered. When each term of the 
sine-and-cosine Fourier series is divided by the constant term, the result is the non- 
dimensional series of Eq. (10) of Definition Summary 12-4. Equations (7), (8) and (9) 
of Definition Summary 12-4 summarize the integral relationships that determine the 
amplitudes for individual terms. The nondimensional form of the sine-and-cosine 
Fourier series appears when each term is divided by the constant term of the 
series, and separate summations are written for the sine terms and the cosine 
terms. The defining relation for the zero — r^ sine term amplitude ratio is 
given asEq. (11) of Definition Summary 12-4. Equation (12) of the definition sum¬ 
mary is the corresponding form for the zero — r^^ cosine term amplitude ratio. 

12.27. Equation (13) of Definition Summary 12-4 gives the s^ - phase angle 
form of the Fourier series. This form consists of a constant term and an infinite 
T^s of sine terms. Except for the first-order term, the arguments of all the 
sine terms include a first - r^ sine term phase angle ^ component angle 
scale. The symbols for these phase angles are similar to the corresponding 
phase angle symbols as defined for the exponential series. The difference be¬ 
tween the sine term phase angle symbols and the exponential phase angle symbols 
is that the (e) subscript (for exponential) is replaced by (s) (for sine). Equation (14) 
of Definition Summary 12-4 gives the sine - phase angle series amplitudes in 
terms of the sine - cosine series amplitudes. Equation (15) of this definition 
summary shows the relation between the sine - phase angle series phase angles 
and the sine and cosine term amplitudes. The nondimensional summation form of 
the sine - phase angle Fourier series appears when each term is divided by the 
constant term. This form is shown by Eq. (16) of Definition Summary 12-4, and 

the defining relationship for the amplitude ratio is given in Eq. (17). 

12.28. The cosine - pl^ ang^ form of the Fourier series is shown by 

Eqs. (18) and (21) of Definition Summary 12-4, and the amplitude, phase angle and 
amplitude ratio definitions are summarized in Eqs. (19), (20) and (22). The co¬ 
sine - phase angle series is identical with the sine - phase angle series except 
that cosines instead of sines are used in the terms of the summation. 

CHARACTERISTICS OF FOURIER SERIES FORMS 

12 29 In practice, it is often desirable to transform the representation of a 
given function among the four types of Fourier series that are listed in Definition 
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Form 

Typical 

Term 

Parameters 

Exponentiol Phase Angle Form 

Sine-Cosir>e Form 

1 

1 

of Series 

AmpI itude 

Phose Angle 

Sine AmpIitvide 

Exponential- 
Phase Angle 



1 

1 

00 

- 20 sin fpA( 

h ’1 r 1 - f f 

1 

Sine-Cosine 

*I(a)(s)r 

^('i){c)r 

1 

1 

2 * T[n)(c)r 

q, 

00 ^ 

“'■'“**** • ^ 

T n ’ r 

^ * 

1 

1 

Sine - 

Phose Angle 

^(a)(B)(lA)r 

-r)r 

T ^(n)(B)(F-A)r 

0 

i 

- r)'”T 

1 

00 

q,^ . . .^cos (PS). .. 

1 

f 

Cosine - 
Phase Angle 

^(a)(c)(V’A)r 

-r)r 

T ^(n)(r)(f A)r 

♦ 

00 

Air _ . _ , f 


• For r different from zero only, the constant term fr^sO) is the same for all forms of the s-'riec. 

** For r positive only. For negative r, thf* sign of (PA) is negative. 

*** The phase angle carries its own sign. T bl 12 1 

Fourier series amplitude and phase ongle conversions. 

Summary 12-4. For example, if the function q(t) is available as an experimental 
curve, and has its Fourier series components determined by an analyzer of the 
Henrici-Coradi^^®^ type, the data naturally appear in the form of amplitudes for 
a sine - cosine series.. In order to check the degree of approximation to the 
actual function q(t) by any given number of terms, it is convenient to make plots 
showing the resultant of a group of terms either graphically or by means of a 
Fourier synthesizer!^^^’^^^^ This approximation is most easily found by sum¬ 
ming components plotted in the sine - phase angle form or the cosine - phase 
angle form. With the Fourier series representation for any given function estab¬ 
lished, the response of any operating system to the given function as an input Is 
most easily found by carrying out mathematical operations on series terms of 
the imaginary exponential form. Because all of the situations mentioned in this 
paragraph will often appear in the same problem, facility in using the various 
Fourier series forms is a considerable advantage to the instrument engineer. 

TABULATION OF RELATIONSHIPS AMONG AMPLITUDES AND PHASE ANCLES OF 
FOURIER SERIES FORMS 

12.30. Time is saved and mistakes are avoided in problems that fit into the 
pattern outlined by the preceding paragraph if a tabulation is available that lists 
the relationships among the amplitudes and phase angles of corresponding terms 
in the various Fourier series forms. A summary of this kind is provided by 
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Sinft'Cosine For 


G)sine Amplitude 


Sine-Phase Angle Form 


Amp] itude 


Phase Angle 


Cosine-Phase Angle Form 


Amp! itude 


Phase Angle 


2q(o)rCOS(PA) 


(e){l -r)r 


(a)(e)r 




a)(e)r 


(PA) 


(e)a-r)r 


(a)(c)r 


2 2 
^(a)(s)T *’ ^(a){c)r 


can 


^ta>tc)r 


{a)(s)f 


2 2 
^(a)(3lr'^ ^(o){c)r 


tan 


^(a)(s)r 

^(a)(c)r 






‘?(a)(s)(PA)r 


(PA) 


(s){l -r)r 


H(a)(s)(PA)r 


(PA) 


(s)(l-r)r 2 


^(a)(c)(PA}r^ ^P^\c)(l-r)r 


^(a)(c)(PA)t 


<P^>(c)(l-r)r+i 


(a)(c)(PA)r 


(PA) 


(c)(l-r)r 


Table 12-1 (cont.) 

Table 12-1, which gives the equations for the amplitude and phase angle for the 
component of the series form listed at the top of any column in terms of the 
amplitudes and phase angles for the series form listed in the row at the left of 
the table. For example, under the exponential - phase angle form, the amplitude 
of the r^ term is shown as equal to one-half the square root of the sum of the 
squares of the amplitudes of the r‘^ terms of the sine and cosine forms. 

FOURIER SERIES REPRESENTATIOH OF THE SQUARE WAVE AND THE PULSE 

12 31 The Fourier series method of representing physical quantities may be 

illustratedby examples that are also often useful for describing practical situations. 
The mathematical forms required to describe the series of rectangular shapes that 
make up a typical square are tabulated in Data Summary 12-1, which also in¬ 

cludes diagrams and specifications for the wave itself. The specifying equations are 
given for each of the four Fourier series forms of Definition Summary 12-4. Fig¬ 
ure 12-5 shows the square wave as a heavy, dashed line, the resultant of the first three 
Fourier series terms as a heavy, full line, and three sinusoidal components as 
light, dashed lines to illustrate the representation of a function by Fourier series 
terms. It is interesting to note that the square wave is formed as the sum of all 
odd-order sinusoidal components, each of which has an amplitude of 4/nr^ 

- , , . ^ variations of some quantity with ume because the 

• The term "wave” is applied to shapes that ep function would move in a way described by 

particles of a fluid subjected to displacements corresponding to the function wo 

the ”wave shape.” 
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Resultant of dircc coaponeots 



Pi 12-5. Square wove approximation 


by first three Fourier series terrr^. 



Definirioo: 

^0 " 


0 < t < t 


I 


q(t) = 0 


q(t) 




2 


ti < » < Ti 


O.ti.Ti 


Exponential series representation 



Sine - cosine 


series representation: 


1 - 


cos r2>r 


q(t) 


q ^ ^ 

Tj 



t 

t 


00 


sin r 2rr 


t 


I 


L siofW,! ^ 


I 


! 



I 


t 


cos rWj 




fir 


I 


= l rn 


I 


Ti 


I 


Sine-phase angle series representation: 


t 


2 sin tn ^ 


I 


t 


q(t) « q 


^2 "711 
*1 r«l T 

■ I 


sin 


(rwjt 


i 


. JL - fff )] 

2 


Cosine 


-phase «.gle series representation: 


t 


2 sin fir 


I 


t 


q(t) - q« 


t 




0 + 



COS 


(fW^t - re ^ 


1 


)1 


t 


1 


1 


fir 


T, 


Data Soirmory 


12-1 Fourier series eqootions 


for rectongolor pulse wove. 


(1) 


( 2 ) 


t] (3) 


(A) 


(5) 
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Oefinitioo: 

q(f) - 


max 


0 < f 


< 


1 


q(t) = 0 


1 


2 ^ ^ 


q(t) = j?” f = - ^ 




Exponential series representation: 


q(t) = 


OQ 


inax £ 

f — ^oo 


2 i(rw t-ff/2) 
— © ‘ 


r = odd i 


integers 


Sine — 


cosine series representation 


q(t) = 


oo 


max 


n 


+ ^ sin (rWjt)] 

r=^l ^ ^ 


r = positive odd integers 


Sine —phase angle series representation: 


q(t) = 


Q OO 

^max j-^ 


+ 


S sin (fWjt)] 

r=:l 


r * positive odd integers 


Cosine —phase angle series representation: 

Q * 

q(t) = 2 ^ 



q(t) = 


q 

^max 


0 < f <Zi 


(1) 


q(t) = 


-Q 

^mar 


q(t) = 0 


<T, 

t = Oti T, 


( 2 ) 


Exponential series representation: 

«>(») = W f] 

r rr 


r - odd i 


integers 


Sine —cosine series representaci 


ion 


00 


(3) 


= ‘Jmax ^ — sin 

r=l *'"■ 

r = positive odd integers 
Sine-phase angle series reprcscotation; 


r 


(4) 


= ‘Im.x (fWjO 

r = l 

f - positive odd integers 
Cosine —phase angle series representation 


[1 


g ^ cos (rw,. - -|)] ( 5 ) q(t) = ^ f cos (rw,t 

* r~l 


3 rr 


) 


r = positive odd integers 

a) Fourier series represeritafion for square wave 
with zero level at bottom of wove 


r = positive odd integers 


b) Fourier series for square wave symmefrico/ 

about zero level 


Term 


1 


= 1.2732 


rr 


3 rr 


= 0.4244 


5rr 


= 0.255 


rWj t 

(deg) 

sin t 

4 - 

—sin w, t 
rr * 

'^sinSw, t 

3rr * 

0 

0.000 

0.000 

0.000 

15 

0.259 

0.330 

0.110 

30 

0.500 

0.638 

0.213 

45 

0.707 

0.903 

0.301 

60 

0.866 

1.105 

0.366 

75 

0.959 

1.223 

0.408 

90 

1.000 

1.273 

0.424 


siaSWjt 

0.000 
0.066 
0.128 
0.181 
0,221 
0.245 
0.255 


c) Tabulation of numerical data for Fourier series for st^uore 


wove 


Data Summary 12-1. 


Fourier series equations for square wave. 
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q(t) = 2[1 - < t < Tj 


Expooential series representation: 


00 


q(t) = 


max 



i(rw^t - n) 


r - odd integers 


Sine —cosine series representation: 



r = odd positive integers 
Sine —phase angle series representation: 



OO 



r = odd positive integers 


(1) 


( 2 ) 




Cosine —phase angle series representation: 




Term 


r = odd positive integers 



0.8106 

rWjt 

(deg) 

cos W^t 

o 

® COS W| t 

® COs3W|t 

(3.)^ 

® cosSwjt 

{5n)^ 

0.09066 

0 

1.000 

0.8106 

0.09066 

0.0324 


15 

0.959 

0.7774 

0.0869 

0.0311 


30 

0.866 

0.7020 

0.0785 

0.0281 

0.0324 

45 

0.707 

0.5731 

0.0641 

0.0229 


60 

0.500 

0.4053 

0.0453 

0.0162 


75 

0.259 

0.2099 

0.0235 

0.0084 

0.01654 

90 

0.000 

0.000 

0.000 

0.000 


Data Summary 12-3. Fourier series equations for isosceles triangle wave. 
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12.32. Data Summary 12-2 tabulates Fourier series data on the rectangular 
pulse wave, which is like the square wave except that the high and low levels are 
not evenly balanced over the spread of the first-order period of the wave. 

FOURIER SERIES REPRESEKTATION OF TRIANGULAR AND SAW TOOTH WAVES 

12.33. Data Summary 12-3 gives the data for the Fourier series representa¬ 
tion of the isosceles triangle wave. Figure 12-6 illustrates the combination of 
the first three components of the isosceles triangle wave. 



Fig. 12-6. Isosceles triangle wave approximation by first three Fourier series terms. 

12.34. Data Summary 12-4 and Fig. 12-7 tabulate the Fourier series infor¬ 
mation for representing the saw tooth wave and show the approximation given by 

three sinusoidal components to the wave itself. 

FOURIER REPRESENTATION OF ENGINE CYLINDER PRESSURE RECORD 

12.35. The dashed-line curve of Fig. 12-8 is the experimental record of 
pressure inside the cylinder of an internal combustion engine. The light hashed ^ 
lines represent Fourier series components found by the use of a Henrici-Coradi 
analyzer. The resultant formed by the first six Fourier series components is 
shown as a heavy, full line in the figure. It is apparent that the approximation 
represented by even this reasonably large number of components contains rela¬ 
tively great deviations from the actual pressure curve. 

FOURIER SERIES AMPLITUDE DISTRIBUTION PLOTS 

12 36 For many purposes, it is useful to describe the Fourier series rep- 
resenUlion of on, given function In leroe of amplltndas for the exponential or 
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Fig, 12-7. Saw tooth wave approximation by three Fourier series terms. 
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Fig. 12-8. Fourier representation of engine cylinder pressure for on internol combustion engine. 
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difficult or impossible to represent satisfactorily by means of Fourier series 
terms. In particular, the components present in natural variations are very often 
not present as integer multiples of a first-order frequency, but include all the 
frequencies of a continuous band. When a continuous frequency band is present 
in the variation of a quantity with time, amplitude ratio and phase angle will in 
general both vary continuously as a function of frequency. These variations may 
be represented on the complex plane by plots like that illustrated in section a) of 
Definition Summary 12-6. The length of the vector drawn to a typical point of the 
plot represents the amplitude corresponding to the frequency marked on the curve 
for the given point. The angle between the positive real axis and the vector is the 
phase angle for the given frequency. 

12.40. For comparison purposes, the set of discrete points shown on the 
complex plane of the diagram in section b) of Definition Summary 12-6 gives the 
amplitude and phase angle for the terms of an assumed Fourier series. The 
frequency for each point is given as the product of the order corresponding to 
each point and the angular frequency of the first-order term. The points may 
also be identified by frequency ratios defined as the ratio between the frequency 
for a given point and the first-order frequency. In the illustrative example, the 
frequency ratio (symbol either FR or the Greek letter beta (^8)) for any point is 
simply the order of the term corresponding to the point. 


NONDIMENSIONAL REPRESENTATION OF CONTINUOUS FREQUENCY DISTRIBUTIONS 

12.41. The diagram In section c) of Definition Summary 12-6 shows an illus¬ 
trative plot for a continuous frequency distribution with the frequency variable 
expressed as the frequency ratio and the length of the vector representing an 
amplitude shown in terms of the amplitude ratio. For plots of this type, the 
reference frequency for forming the frequency ratio and the reference amplitude 
for forming the amplitude ratio are both arbitrary. In practice, values are 
chosen for these references that give numbers which vary within convenient ranges 

for the situations they are chosen to describe. 

FOURIER INTEGRAL AND FOURIER TRANSFORMATION 

12.42. Fourier series representations of variations in the time domain do 
not directly allow for the representation of continuous frequency bands. However, 

& A * 


possible 


to set up an Integral rep¬ 


resentation for quantities that require continuous frequency distributions to rep¬ 
resent their variations with time. This representation is the Fourier integral. 
Derivations of the Fourier integral form with all ite Mssibillties and limitations 
are given in a number of mathematical treatlses.^S)'^!®)'^^®)’^^®^ These deriva¬ 
tions generally stress-the niceties of mathematical reasoning, but do not concisely 
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If the amplitudes of Definition Summary 12-6a are divided by a reference amplitude q, , arrd the angular 
frequency W is divided by a reference angular frequency the amplitude as a funcl“,!'of frequency is 


(AR)(w) = p = ^ 

*^(a)ref 


^plitude ratio 


( 1 ) 



(FR) = p 

w 




frequency ratio 



For these definitions the reference amplitude and the reference angular frequency may be arbitrarily 

chosen to have any convenient values. 

In terms of these nondimensional variables, the amplitude-phase angle frequency plot of Definition Sum¬ 
mary l2-6a becomes the amplitude ratio and phase angle - frequency ratio plot shown below. 



c) Illustrative continuous amplitude ratio and phase angle frequency ratio plot 

Definition Summary 12*6. Continuous amplitude ratio and phase angle plots. (Page 2 of 2) 


12.43. If a function q of the time — reference period ratio, is to de¬ 

pend upon a continuous band of the frequency ratio, an infinitesimally small change in 
the frequency ratio must produce a small change in the function Let 

the small change in the frequency ratio, d/3, occur at a given value of the fre¬ 
quency ratio, and a given value of the time — reference period ratio 

The function relating the change in q(t/T(j.gf)) to the small change in /3 is given 
in Eq. (1) of Derivation Summary 12-1. It consists of the product of a coefficient 
which is a function of and an imaginary exponential whose exponent is the fre¬ 
quency ratio multiplied by 27r(t/T^j.gfj). The coefficient is a complex number ex¬ 
pressed as a magnitude, which is an amplitude multiplied by an imaginary expo¬ 
nential whose exponent is a phase angle. The amplitude factor in this equation 
may be replaced by the amplitude ratio considered as a function of if both sides 
of the equation are divided by Q^aj^ref)’ arbitrary reference amplitude. 

12.44. Integration of Eq. (1) of Derivation Summary 12-1 over all values of 
frequency ratio from minus infinity to plus infinity gives the expression of Eq. (3) 
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Rearranging this equation and integrating with respect '“[y—j over the range - « to 

• * ref' 
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It is to be noted that Eq. (7) corresponds to the direct Fourier transformation, and Eq. (3) corresponds to 
the inverse Fourier transformation. As given by Gardner and Barnes in Transients in Linear Systems (18) 


[FT]f(t) = F( 
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[FT]-» F(w) = f(t) 
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—J F(w)e'^' 


dw 
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where 


[FT] “^Direct Fourier transformation 


[FT]- 


Inverse Fourier transformation 


Madiematical considerations necessary for rigor in the derivation of direct and inverse Fourier transforma¬ 
tions are omitted above. The validity of results is established by the similarity in form of Eqs. (3) and (7) 
to the inverse and direct Fourier transformations, respectively. 

Equations (3) and (7) are subject to the same restrictions that apply to the Fourier transformations. These 
restrictions are described in mathematical texts dealing with the Fourier series and integrals. 


Derivation Summary 12*1. Derivation of Fourier integral form for representing functions in terms 

of continuous frequency distributions. (Page 2 of 2) 


of the derivation summary. This expression corresponds to the exponential form 
of the Fourier series, in that it represents a continuous summation of terms like 
those of a doubly infinite number of frequencies separated by infinitesimal steps. 
Equation (3) of Derivation Summary 12-1 also is identical in form with the inverse 
Fourier transformation, which is repeated in its conventional form as Eq. (8) of 
Derivation Summary 12-1. 

12.45. Equations (4), (5), and (6) of Derivation Summary 12-1 outline the steps 
required to find the integral expression for the amplitude ratio - phase ang^ 
nential product of Eq. (3) of Derivation Summary 12-1. The integral for this prod¬ 
uct corresponds to the similar expressions for the amplitude ratio - phase angle 
exponential products of the exponential form of the Fourier series, and is also 
Identical in form with the Hirppt Fourier transformation of Eq. (7) of Definition 
Summary 12-1. The Fourier transformations will not be discussed further here, 
but will appear as useful tools in the engineering applications of Volume m. 
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The limiting case of the unit time pulse function, when the 
iiBpulsc functioa: 


interval tends to zero, defines the 


unit time 


[UTIF](t) = Urn [UTPFl(t) 




(6) 


The unit time impulse function is also known as the Dirac Function. 
The integral of the unit time impulse function with 


respect to time is unity: 


oo 


[UTIF](t)dt = 1 
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The integral of the unit time impulse function is dimensionless. 

The working variable form of the unit time impulse function is S(t) 

The function equal to a coefficient multiplied by a unit time impul« function is defined as an impulse func 


uon: 
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d) Impulse funcfions 
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12.47. A special form of the pulse function is the time pulse function which, 
as defined in section b) of Definition Summary 12-7, is a pulse function which has 
the dimensions of inverse time. The integral of a time pulse function with re¬ 
spect to time has no dimensions. A unit time pulse function is one whose integral 


with respect to time is unity, when the limits of integration Include the whole 
non-zero portion of the function. Any other type of pulse function can be con¬ 
structed from a unit time pulse function by multiplying by an appropriate coeffi¬ 
cient, which is defined as the strength of the pulse function in section c). 

12.48. The impulse function is a mathematical abstraction derived from the 
pulse function concept. The limiting case of the unit time pulse function, when 
the duration of the non-zero interval tends to zero, defines the unit time impulse 
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The mathematical equivalent of the sum of rectangles is a sum of impulses each of which has a strength of 
Wj/J At*. From Definition Summary 12-7, part (d), write 
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Interchanging the summation and integration operations permits Eq. (4) to be written as 


J'q(t)dt = J‘ |X [q(ti)]Ali[UnFl(t - gjdt 
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q(t) = z rq(ti)]Af.[UnF] (t - tj) 
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This shows that a continuous function may be represented by a sum.of impulse functions. 

It is useful to note that continuous functions may be represented by component forms of any convenient shape; 
for example, isoscles triangles may be used in the way ^own above for rectangles. 

Fig. 12-11. Impulse function representation for continuous functions. 
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a plane sound wave in a gas. The essential physical aspects of the sound problem 
are outlined in section a) of Derivation Summary 12-2. A detailed derivation of 
the wave equation for sound is omitted here because it is unnecessary for the 
present discussion. The basic relationship between sound wave pressure and 
particle motion is taken from a treatment by Fletcher.Fletcher's result 
shows that as plane waves of sound pass through a gas, the particles of any plane 
oscillate about the equilibrium position the plane would have if no sound were 
present. At the same time, the sound is accompanied by variations of pressure 
from the equilibrium level that would exist in the absence of sound waves. The 
difference between the instantaneous pressure and the equilibrium pressure is 
the excess pressure (symbol p). The changes in excess pressure and the particle 
motions are parallel to the direction of propagation of the sound. For present 
purposes, the essential physical relationship is that the excess pressure is equal 
to the equilibrium gas density multiplied by the velocity of sound in the gas and by 
the particle velocity. Section b) of Derivation Summary 12-2 gives Fourier series 
expressions for excess pressure and particle velocity in plane sound waves of 
arbitrary wave shape. These two series do not include constant terms because, 
by definition, sound waves are only indirectly influenced by the equilibrium pres¬ 
sure of the undisturbed gas. The variable terms are nondimensionalized by divid¬ 
ing the amplitude of each term by the amplitude of the first-order term to express 
sinusoidal term amplitude in terms of amplitude ratios. These amplitude ratios 
are followed by the symbol p* to show that the amplitude ratio of the excess 
pressure is considered. The subscript (1-r)** for the amplitude ratio of the 
r^^ term shows that the excess pressure amplitude of the first-order term is 

used as the reference pressure. 

POWER FLOW ASSOCIATED WITH PLANE SOUND WAVES 

12.54. The work done on any given plane area by the disturbances that make 
up the sound wave is the time integral of the volume swept out by the area, multi¬ 
plied by the pressure acting to move the particles of the area. The power trans¬ 
ferred across this area by the sound wave is the time rate of change of the work 
done by the sound wave. The volume swept out by motion of a given area normal 
to the propagation direction of the wave is equal to the area multiplied by the 
time integral of the particle displacements due to the wave. The rate of change 
of this volume is just the particle velocity produced by the wave multiplied by the 
area. This means that the power transferred across a given area is equal to the 
product of the excess pressure, the particle velocity, and the area. Section c) of 

• When the amplitude ratio of some quantity other than excess pressure is considered, it is only necessary 
to replace p by the symbol for Ac new quantity. 

•• When a reference other than the amplitude of the first component is used, the subscript nearest the main 
symbol is changed to the symbol for the reference quantity. 
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Xhc instantaneous power flow across a given area normal to the direction of sound propagation is given by 
the product of the excess pressure, the sound wave velocity of particles in the plane, and the area considered, 


i.e 


P(t) = p(t)v(t)(area) 


(4) 


The power transferred by the plane wave per unit area is 


^ = p(t)Y(t) 


(area) 


(5) 


This means that for the wave in which the pressure and velocity variations are described by the Fourier scries 
forms of Eqs. (2) and (3) 
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sound energy transferred divided by the interval. Since power is a positive scalar quantity, ie total average 
power associated with any sound wave is the sum of the average power of each component of die sound wave. 
The average power of each component may be obtained by averaging the instantaneous power over the period 
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Application of the relationships of Definition Summary 12-5 shows that 
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d) Average sound power transferred across a unit area af a plane wave by the t^ frequency component 

Derivation Summary 12-2. Power transferred by plane sound wove in terms of amplitude ratios for 

frequency components ; sound intensity, (rage I ot o) 





If th 


' of the first amplitude 


ratio term is taken as the reference sound 


power area 


density 


(SPAD) 


ref 


Pn )a 


2p„c 


for the r* fretp^etry 


(9) 




av)r 


(area) (SPAD) 


component is 

D 

( av)r 
2 

(area) ^^( ^ 


= «AR)p]2 __ 


( 10 ) 


«'• -- J. r... .o,- 


P 


component 


(av) 
(area) 


t the sound 


(av)r 


^ = Jr = (SI), = (SPAD), 


The sound power 


area 


density ratio becomes th^ fdi 

tomes tbej^ frequency component 


(SIR),, = J!.'^r 

(1 - f) (SI) 


^^^°d intensity ratio 


ref '^ref 


J 


(l)a 


where 





(n) 


so that 


(Sl)..r = A1)!L 

2p„c 


ref 


(SIR) 


(,-,)= [(AR)p]2 (SPADR)„_^ 


e) Sound power ar^ density rotio for r^hrequency 


) 


( 12 ) 


component; sound intensity rotio for r'* frequency 


component 


The total soun d power area den«irv 


and 


(SIR), = (SPADR)^ = 2: [(AR)p]2 

r*l 


) 


(13) 


(SIR), - (SPADR)^ = Total sound intensity ratio 


The total sound intensity (SI) and 


Its 


equivalent (SPAD),, the total sound 


(14) 


(SI). = (SPAD), = (spadR), (SPAD),^, 


power area density are given by 



d.j i 


(15) 


f) Total sound power area density, total sound intensity 

-ios for 


222 



Derivation Summary 12-2 gives this result in formal terms. The power flowing 
across unit area is the product of two Fourier series multiplied by a constant 
coefficient. This coefficient is equal to the square of the excess pressure ampli¬ 
tude for the first-order component* divided by the product of the equilibrium 
density and the velocity of sound. 

FOURIER SERIES REPRESENTATION OF PLANE SOUND WAVE POWER FLOW 

12.55. Section d) of Derivation Summary 12-2 shows that because sinusoidal 
terms have the property of orthogonality (these properties are tabulated in Defi¬ 
nition Summary 12-5), only terms of identical order in the two Fourier series of 
Eq. (6) of Derivation Summary 12-2 give results that are different from zero 
when integration is carried out over a complete period for the first-order com¬ 
ponent. This fact makes it possible to find the average power flowing across a 
unit area of the plane wave due to any one frequency component. Equation (8) of 
Derivation Summary 12-2 shows that the power associated with the r component 
is equal to the square of the excess pressure for the first component, multiplied 
by the square of the amplitude ratio for the r^ term and by a constant coefficient. 
This coefficient is identical with that appearing in Eq. (6) of Derivation Sum¬ 
mary 12-2. 

PLANE WAVE SOUND INTENSITY 

12.56. The average power flowing across a unit plane wave area due to the 

sound wave is the average sound power area density. This quantity is commonly 
called the sound intensity, ♦* and is given the symbol J. In this discussion, the 
sound intensity due to the r^^ frequency component is given the main symbol (SI) 
and the subscript r to show that it is associated with the r*^ frequency component. 
In section e) of Derivation Summary 12-2, the sound intensity terms are nondi- 
mensionalized by a reference average sound power area density equal to the co¬ 
efficient of the amplitude ratio term in Eq. (8) of Derivation Summary 12-2. This 
is equivalent to defining the r^ order sound power area density ratio in terms of 
the first-order sound power area density. Equation (12) of Derivation Summary 
12-2 shows that the corresponding r_ component sound intensity ratio is equal 

to the squared first -to-r^ component excess pressure amplitude ratio. 

12.57. Because the sound power area density is an always positive scalar 
quantity, the total sound power area density due to any sound wave is equal to the 
sum of the sound'power area densities due to all the components. This total sound 
power area density, which is identical with the total sound intensity, is defined in 

* Hus pressure is not necessarily the amplitude of the first-order term; it may be the amplitude of any 
other term, or it may be any pressure value that is chosen as the reference pressure. 

See Appendix B of ^eech and Hearing by Fletcher (16). 
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corresponding loUl sound Intensity Is eaual to th' ^«mpone„ts. The 

-ILO -.tip,led by the retere 2 c_e^^“^!^J^e«-^ 

ici.&a. £>erivation Summary 1 9 ^ Hrac u 
developed in Derivation Summary 12-2 to T 

may be represented In terms of the discrete frm *a™ 

with time might be represented 1X7 F»asure 

of section a) of Derivation Summary I2-7 "s7h "7 7" 
gives the Fourier series expression for th ^ summary 

ampltode of die first-order term „seH with the 


amplitude of the first-order term used as7e7r 

first to rth component excess pressure amollh7"™“ a“PUtude. The 

spikes Placed at corresno„dr7,7! aPh«o„ b) as 


a series of spikes placed at corresponding ™i„es 7“““ “ 

cacognlaed by ,3, „rDerr:17!l7-^1*^ ««“ •*e c“- component li 


cecognlaed by K,. ,3, of D:ri;:tl„~ar7lT^^^ ^ 

figure of section b) are proportional to th. 7 ! ’ * '*"“ *" “0 

the plane sound wave. Power flow across a unit area of 

sity as the rl7r77eXX toXormlXlT’Tm"' 
assoctatm, with any given component. This facTis7"177" .7“' 


associated with any given component tTis fact 0 *^ , 

component sound Intensity ruTo^ ’ “ ““ F'“‘ totalW 

relative heights of the sptkSlie X sXmmi!” 7,”“ 

the ordinate scales must be different by the ra7 0 X f TT 
intensity to the total Intensity EouaHn /a\ x ^ first-order component 
that the total -to-rth comnononi. a 1 7 7 Hertvatlon Summary 12-3 shows 
once to rth comii^.ni Is equal to the squared refer- 

the r" comXrt ‘as'deXXrX 7^*“' ‘"‘““‘V catio for 

r“- component. fquaXX^ DeTa^^ SuZ77 T ““ 

terms of a reference pressur^iLTead 01 %^ 

e instead of the pressure amplitude of the first 
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TTe rel«ionships between frequency component amplitude ratios and plane wave sound intensity may be illustrated 
by . dtsturbance tn whtch tbe tnstantaneous excess pressure variation has the isosceles trianjlar fL shown b^ow 


P(t) 




r 

f =60 


where 


KARH,_ 


1 


(i-t) 


= P(n« ^ [(AR)p](i_,)Cos rWjt 

t=l 

for r = odd integers 

b) Excess pressure amplitude ratio distribution 


( 1 ) 


( 2 ) 





for r s odd integers 


(3) 


pressure ratio is equal to 


(4) 


From Eq. (l^of DeriTaticm Summaiy 12*2* dbe scared first-to-f component excess 
the first-to-r™ component sound intensity ratio, i.e. 

(SIR)(i..) = [(AR)p]fi_., 

c) Firsf-to-r*^ componofi# sound mfansify nth distribution 

Derivotion Summary 12-3. Amplitude ratio and sound intensity ratio distributions for a plane sound wave, 

^ (Page 1 of 2) 


225 



tWpif, _ „ 


(SIR) „ _, 


) 



9 


Fr ^ ^ ^ 7 

*' ““X^ --sic, 

-■^; rr r “t'"r’“^ “-' “ '-'^ •• - ■“■« - -1.-. «* *. 


where 


(SI). = 


(SIR). , = i^r 

- 0 (SI)^ 


sound intensity associated with frequency 


(Sl)j total sound intensity 
Using the expressions of Eqs. (8) and ( 15 ) of Derivati 


compon ent 


on Summary 12-2 


(5) 


(SIR) 




(t-r) 


Also 


r =60 




r = l 


[(AR)p]2 ^ 


(i-f) 


t^oo 


Z “«)i>i?i- 


(1-f) 


r = l 


(6,7) 


(SIR) 


(e-r) 




f *op 


2 


f*i 


(ref r) 


( 8 ) 


where 


[(AR)p] 


(re£-r) = Reference pressure-r* 


pressure component amplitude ratio 


ref 


Pref “®y arbitrarily chosen constant 


pressure 


d) Total-to-r*^ component sound intensity ratio 


d,hv«i.. S„™„, . W A^pUW, ^ 


wave. 
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component. Because this reference nreccuT.^ __ 

aerator and denominator terms Z man mdeT''^ *" <l>e „n- 

sonnd intensity ratio. ’ ' ‘ha 

COHTIKdOdS FR«UeKCY POWER OISTRIBUTIORS. POWER SPECTRAE OEKS.TY 

12.61. Sound waves may be made im of <=^r„.o,s^,^ i 

' 0^ sinusoidal components with a continu¬ 

ous distribution of frequencies like that illustrated in section a) of Derivation 

Summary 12-4. The curve of this section is shown with excess pressure ampli¬ 
tude as a function of frequency as the ordinate, and frequency as the abscissa 
The excess pressure distribution curve of section a) may be nondimensionalized by 
dividing the excess pressure amplitude by a reference pressure to produce the excess 
pressure amplitude ratio as a function of frequency ratio. The symbol for the 
excess pressure amplitude ratio is f (AR)(p)] (fR), where the symbol (FR) shows 
that the amplitude ratio is considered as a function of frequency ratio. The ex¬ 
cess pressure amplitude ratio distribution corresponding to the pressure arapli- 
hide distribution of section a) is shown in section b) of Derivation Summary 12-4. 

12.62. By analogy to the relationships given in sections a), b), c), and d) of 
Derivation Su 


lllll 


ratio 


ary 12-3, the squared amplitude ratio for a given frequency 
lay be considered as representing the plane sound wave power flow asso¬ 
ciated with an infinitesimally small range of frequency ratios centered about the 
given frequency ratio. This means that the differential increment in sound inten¬ 
sity considered as a function of frequency ratio is equal to a coefficient which 
includes the square of the excess pressure amplitude ratio, considered as a func- 


tion of frequency 



lultiplied by the differential frequency ratio band. The 


multiplier for the squared amplitude ratio in the coefficient is the square of the 
reference pressure divided by the product of the equilibrium density and the 
velocity of sound. The differential equation for sound intensity in terms of fre- 

4 

quency ratio is given as Eq. (1) of Derivation Summary 12-4. Equation (2) of 
Derivation Summary 12-4 shows the total sound intensity as the integral of the 
squared excess pressure amplitude ratio over the zero-to-infinity range of fre¬ 
quency ratio multiplied by the coefficient of the amplitude ratio term in Eq. (1) of 
Derivation Summary 12-4. 

SOUND INTENSITY DENSITY RATIO 

12.63. Equation (3) of Derivation Summary 12-4 for the sound intensity — 
frequency ratio density appears when both sides of the basic relationship of Eq. (1) 
of Derivation Summary 12-4 are divided by the frequency ratio differential. This 
quantity gives the rate of change of sound intensity with respect to the frequency 
ratio; i.e., it describes the "density" of sound intensity per unit of the frequency 
ratio band. The total sound intensity is given by the integration of the sound 





-rr :: r' . --.a^« 

'"'*^‘ have a shape like .ha, illus„.,ed 4«nl«..o« pl„. fa, . 




Pr. 


Pf«)B 


(•)0 


t*c«** |>feAsvrr 
ftt^fey oi taa 


•oa^ 


etceit 


P»«»we 


f^-^ure a™p,i.„de, ^ ^ 

-non divisor, i.e., nond.».en..o„^ „™, b, 

»>re, 


p. (FR) . p,,,...,. ._ , j 

Frequency „ d,, i„dq,enden, variable f rabo 

-"c. ra.i„ by n.i„" ..er:„:rc::;:r lt - 

(FR) - " - 


tef 


Ffcc^mcy ratio 


In terms of these varjahl#* tk« 

wiawes. the eicess pressure 


rel 




pittude ratio plot it 


I(^)pKfr) 




^io dlatribMtioo ^<or 


(FR) 


b) Illustrative aacasi prassurm » i 

......e,„, y™;;”'- w. <) w 2-^~i- >—,, 

by an expression of the fom- ^ ^ iaaBiteai^ « 4 J 


''f(^] ■ (((ARV)(FR)]«4Fa) 


Integration of ,hi, equaboo over U.. co.ple„ h««l # I- 
of the plan, wave asaociat.d .id. b.. .LZ^ ' 


0M-Ctwaa4a 


«Va) ■ ^ iKARJipJ (FR)) 


where (Sl)^ > Total sound intensity. * 

D«i..«<»W, IM rf pM-i »<*)«. w « 

pow.r dMity di»lrlW»l««.(P,p, 1 3 9 


m 







Dividing bod. sides of Eq. (1) by d(FR) gives Ae ^ intensity - frequency ^ density. 

J(SI)(F R) _ Phf rr,.p, 

- 2r-^LKAR)p](FR)]2 

' o 

Dividing boA sides of Ais equation by Ae total sound intensity gives the sound intensity tatio 
faao density, or simply the sound intensity density. --—— 


(3) 


>> frequency 


(SI) (FR) 


(SIDR)(FR) = 



[[(AR)p](FR)] 


r [[(AR)p](FR)] 

0 


(4) 


d(FR) 


(SIDRXFR) = So^ intense density tatio or sound intensity density ratio Asttibution 

Graphically. Ae sot^d intensity density curve is determAed by [[(AR)p] (FR)] 2. Tfre otAnate scale is deter- 
mined by AviAng L[{AR)p](FR)J orAnates by Ae area under Ae curve expressed in terms of Ae integrA 


0Q 

f [ [(AR)p] (FR)] 2 d(FR) 

J 0 


(SIDRXFR) 

or 

[[{AR)p](FR)] 


00 

I [[(AR)p](FR)] 2 d(FR) 


0 



Sound Intensity Density 

or 

Sound Intensity 
Distribution 


c) Sound intensify distribution definitions and illustrative plot 

The concepts, definitions and notation of the preceding sections are not restricted to the sound waves used as 
an illustrative example. Any physical variable that may be described by a continuous frequency distribution of 
sinusoidal components may be substituted for excess sound wave pressure. In symbols, this generalization is 
represented by substitution of q for p, and QP (to represent quantity power) for SI. In these generalized terms, 
the plot of section c) becomes: 


((3PD)(FR) 

1 -Quantity Power Density 

/ or 

or 

/ (Quantity Power Distribution 

[[(AR)q](FR)j2 

09 

j [[(AR)q](FR)]2d(FR) 
0 

^ -\ 


(FR)—^ 


(QPD)(fr) = (Quantity power density as a function of frequency ratio or quantity power distribution 

Note: Quantity power density as the term is defined here is analogous to the power spectral density (symbol PSD) as this 
term Is used by Wiener (34) and Lee (25). 

d) Quantity power density and power spectral density 

Derivation Summary 12-4. Representotion of physical variations by continuous frequency distributions; 

power density distributions. (Page 2 of 2) 
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Lee. These authors present rigorous treatments of the mathemaUcal reason- 
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pneers who have occasion to make extensive use of the continuous frequency 
distributions method for describing physical situations. 
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CHAPTER 13 


DESCRIPTION OF PERFORMANCE IN TERMS OF 
SINUSOIDAL RESPONSE CHARACTERISTICS 

SINUSOIDAL PERFORMANCE CHARACTERISTICS 

13.1. Sinusoidal and imaginary exponential forms appear as factors in the 

quantity-representing expressions described in Chapter 12. For this reason, it is 

important to define a system of concepts and symbols for representing sinusoidal 
forcing functions, sinusoidal performance characteristics of operating systems, 
and the corresponding output response variations. All the essential definitions 
may be made without discussing the procedural details required to find mathemati¬ 
cal expressions for operating system response. Various methods for finding 
these expressions are derived in Volume II of this book. The discussion of this 
chapter is intended to build up the background for these derivations and to define 
a system of notation for describing situations that involve sinusoidal variations. 

13.2. As a general rule, steady-state sinusoidal solutions are much simpler to 
handle than complete solutions which include both transient components and steady- 
state components as these components are defined in Chapter 6. For this reason, 
mathematical procedures to produce responses corresponding to sinusoidal forc¬ 
ing functions are usually restricted to finding solutions which apply only when the 
initial conditions are such that no transient component is present in the solution. 

13.3. Mathematical reasoning to develop normal solutions for sinusoidal 
forcing functions is primarily based on finding the response of a single dependent 
variable corresponding to sinusoidal changes in a single independent variable. 

To meet the requirements for describing these normal solutions, a system is de¬ 
veloped in this section to describe functional relationships between a single pair 
of variables. The concepts defined in this chapter for a single independent vari¬ 
able — dependent variable pair may be applied in the study of any situation, how¬ 
ever complicated it may be in terms of variables or operating components. 

13.4. The typical situation associated with sinusoidal changes is illustrated 
by the functional diagram of section a) of Definition Summary 13-1, which de¬ 
scribes the relationship between a single input and a single output established by 
an identified operating system in terms of the input -output performance function 
of ^ ^ identified operating system. In order to supply immediately available 
definitions of sinusoidal performance-describing concepts and the corresponding 
symbols, the notation is written in complete form for the definition summaries 

\ 
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Input Qiantity 


q: 


111 


Identified 

Operating 

System* 

(id) 


Output Quantity 




‘he te™ Operating System ts 


(1) 


considered to include Operating Contponent 


08 a 


Functional diagram and performance equation for ooerntin 

a ninnU • . j operating components with 

o single input and a single output. 



■•oat ~ 


-- ’(In),: «ou|i^‘'(«)l'i(in )2 • • * q(io),) 


In many 


, the iiq>uts may be combined 


into input function products, i.e., 


flFP)l = (IFF),, , ^ /,pp. 

(If ^ fi) 


- ^I^in)l)^2(q(in)2^* * * ^n(qri 


... ’(in)al 


n'^(in)n 


) 


OFF), = (IFF), , «p™ 

2 '(“ + 1. n + 2, ...,r) = (IFP)[^ 


(tn)(n+l)> ’(lii)(n+2J.^(In)r^ 


= f 




Using the input function form 


■ “’'WciFP),, (IFF,.jdFP),(IFF), ... 

« f-C W ^ ^ ^ 

multiple inputs and a single output 


( 2 ) 


(3) 


Definition Summary 13-1. Ferforma 
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In m«.y situations it is conveaient to use tpantity transfonnatious (see Definition Summary 10-3) for replacing 
die actual input or input function products by reference quantities; i.e., for a single input = q. 

(For generalized quantity transformation forme see Definition Summary 10-8.) 


For multiple inputs 


^(ref)l '' 


(rcf)2 


= (IFP) 


In terms of reference quantities, performance equations for multiple input operating systems have the form 


out 


= [PF],: 


• • i ' Vf)2' ' 


( 4 ) 


When only a single reference quantity is involved, the performance equation reduces to the form 


‘lout 


( 5 ) 


If a quantity transformation is used to replace the actual output quantity by a dependent quantity , Eq. (5) 
becomes 




( 6 ) 


dop 


Equatiem (6) Is the form of greatest usefulness for the development of mathematical solutions to describe operating system 
p^ormonce. 


In working variable form 

V = [RF]u = {RAR)[RFRF]u = (RAR) [RF]u 

or 

V = 7,0 = p/7,U 

where 

u = *!,«£ 

» “ ‘Idep 

[RFl = 7, « ^ 

p, - (RAR) K reference amplitude ratio 

function ratio function 

= '[RFl = nondimensional relating function 




( 7 ) 

( 8 ) 



c) Performonce fonct/on form for a sfng/e reference qoonf/fy and o s/ng/e dependent quantity 


Summen- >3-1. (« mulllple- "»3 sinj'-i'*”' 

(Page 2 of 2) 


233 



of this SGCtion Tkio. 

ing variable symbols thrrrTufed^nTi*'^” by the simple work 

«sponae forms. ' “e derivation of sinLoiZ 

...- 

terms is represented in 3^°^ bT^DefimUon "*“I>“fled 

an tndefintte number of input ,uantite ^"1, a«nation, 

practicai conditions it is often possible to establi' ""‘'an 

“ay be combined into one or more input fun f ^ ""n‘‘““a ft the inputs that 

feld current and the armature curr^fT^P^ "““Pta. the 

pat condition for the «otorL:Ct:r“^‘“ “'aa-emial t 

IPtanence guantity that combines with other sta,, f “""“’a"a‘' as a 

ermine the output quantity of an identified n , '’'^anance quantities to de- 
13.6. Equation (6) of Lfi„,„ f “"""“"S aomponent. 

52^ - italle depej^l quantify p!^™^ **''*" *''ai52fi! reference 

“ this chapter to illustrate staii^'»£“ that wiu be used 

Imls. The complete symbols are accomoanledt""''^*^“^“"® "““cepts and sym- 
workiag variable purposes. For exaZr " “"1’ "a -med for 

to represent the independent quantify vis su^aLTd f" 

formance function. Because working L^bleT" '' ^ the per- 

•^thematical derivations or the description of T 

that no misunderstanding of symbols i «5 Performance in situations so simple 

omitted from worhing variablymbors ’ "« 

13.7. Equation (7) of Definition Su 

riV\/V 


££1^ func^ r^ illustrates the concept of the 

mg the relating function by an arbitrarily ch "'tvid- 

oymbol (RAH,), With CmeLons IdeX iT: ^^a ampllt*^ 
cause of this selection of dimensions, the *1^11!"^* '“"atlon. Be- 

without dimensions, and for this reason it is 1 ^ ""al'O" ratio function is always 

ijt^fimrtto {symbol'[RF]). The worn ° 0 called the nondlmenslonal ro- 
amplitude ratio is the smaU Orel leC rhTi "yobol - 

subscript. The working variable symbol for'tl'’ '' ''a'arence) as its 
■S the small Greek letter eta („ , precedi'ng“r‘°“' ""“"6 lunction 

»"i*' »div. u.„ ,K. . 

uw wu. O.M .lu. .aid, n 1. a- 


234 



Sinusoidal input variations may be represented by either the rotating vector complex plane method (commonly 
called the clock diagram) or the sine plot method of Fig. 12-3. 


JW.l 


jw,t 


*^in *^(io)a® *^ref ^(ref)a® 

jWjt 


s U 


= u^e 



( 1 ) 



'iref 

U 

*^(ref)a 


reference forcing function 

input forcing function 
working variable forcing function 
input quantity amplitude 
reference quantity amplitude 


~ working variable amplitude 


= angular forcing hrequency - 27Tn 


fir = 


f 


f 


Tf = 


forcing frequency 


1 


f 


n 


s forcing period 


f 



a) Representation of sinusoidal forcing 


functions* 


In general) the action of an operating component is to establish a functional relationship between an input, 
and a corresponding output, This action is represented by the input - ouq?ut performance function for the 

identified operating component, i.e., 



and in working variable form 

%ut - ^ - J7U=p/7?u 


(3,4) 



b) Generalized forms for represent/ng the performonce of operating components 


Definition Summary 13-2. Representation of sinusoidal response characteristics for operating systems. 

(Page 1 of 4) 
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p = working variable dynamic amplitude ratio 

response angle 


quantity dynmnic response 

<f> = working variable dynamic response angle 
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In general, dynamic amplitude ratio and dynamic response angle may be exoresseH f. r r 

frequency, nj, forcing period, Tj, angular forcing frequency w and forcin^ f of forcing 

frequency rjio when no misunderstanding is pofsibU) i.^,’ 


(DARXnj) « (DARKTj) . (DAR)(w^) . (DAR)(FFR) . (DAR)(FR) . (DAR)(/3) . p{p) 
(DRAKnj) ^ (DRAKTf) . (DRAXw^) . (DRA)(FFR) . (DRA)(FR) = (DRA)(^) = 


( 12 ) 

(13) 


where 


Hf 

- = forcing frequency ratio 

"ref 

= (FR) = frequency ratio 
= /3 = forcing frequency ratio 

= reference frequency (arbitrarily 



or frequency ratio 
selected) 



Definition Summary 13-2. Representation of sinusoidal response characteristics for operating systems. 
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d) Representation of sinusoidal 


response in nondimensional terms 


Definition Summary 13-2. 


Representotion of sinusoidal response chorocteristics for 

(Page 4 of 4) 


operating systems. 


238 



a vec- 


PERFORMANCE REPRESENTATION OF SINUSOIDAL FORCING PiiMrTinuc Aurx 

performance characteristics ^^ORCING FUNCTIONS AND 

13.8. Section a) of Definition Summary 13-2 summarizes the concepts dia¬ 
grams, and symbols for describing a simple sinusoidal forcing function A forc¬ 
ing function of this type may be representedby an imaginary exponential and 

tor rotating about the origin of the complex plane, or by a plot of a sine function with 
Wft as its argument and the amplitude of the variation as its coefficient. 

13.9. To show that the same forms and diagrams may be applied to various 

situations, input and output symbols, reference quantity — dependent quantity sym¬ 
bols, andworkingvariable symbols are included in section a) of Definition Sum¬ 
mary 13-2. Section b) &ives the generalized performance function forms for describ¬ 
ing the sinusoidal performance characteristics of an operating component. It is de¬ 
sirable to restrict generalized considerations to forms that depend only on the forc¬ 
ing frequency. The forms thatfall into this class are particularly useful because 
they satisfactorily represent many practical situations and at the same time are 
convenient for mathematical reasoning. All the sinusoidal performance-describing 
concepts and symbols of Definition Summary 13-2 and later summaries are sub¬ 
ject to this restriction. 

13.10. Section c) of Definition Summary 13-2 shows thatthe sinusoidal response 
characteristics of an operating component may be representedby a performance locus 
plotted on the complex plane. This performance locus is a plot of the end of the per- 
formance function vector, which has a length proportional to the dynamic amplitude 
ratio and is located at an angle equal to the dynamic response angle from the positive 
direction of the axis of reals. Each point on the performance locus corresponds to a 
frequency of the forcing function or some quantity proportional to this frequency. For 
example, the reciprocal of the forcing period, T^, is identical with the forcing fre¬ 
quency, and the angular forcing frequency is equal to 2ir times the forcing fre¬ 
quency. The forcing frequency ratio and its equivalent, the frequency ratio, which 
is defined as the ratio of the forcing frequency to an arbitrarily selected reference 
frequency, may also be used to determine points on the performance locus. 

13.11. Section d) of Definition Summary 13-2 shows the representation of 
sinusoidal performance characteristics in nondimensional terms. The nondimen- 
sional performance function expressions are formed from the performance ex¬ 
pressions of section c) when the dynamic amplitude ratio is divided by an arbi¬ 
trarily selected reference amplitude ratio. In any given situation, the reference 
amplitude ratio is chosen so that the values of the dynamic amplitude ratio — 
reference amplitude ratio ratio, which is the nondimensional sinusoidal perform¬ 
ance function amplitude, and the nondimensional relating function change over a 
convenient range of levels. For example, the reference aniplitude ratio is often 
made equal to the dynamic amplitude ratio over the operating region of greatest 
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The conesponding form when the input and output are replaced by the reference variable is 
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Definition Summary 13-3. Representation of steady-state sinusoidal response for linear systems. 

(Page 1 of 3) 


241 


9 


I 



h) Representation of the steadystate response to a sinusoidal forcing function 

Definition Summory 13-3. Representation of sfeady-stote sinusoidal response for linear systems. 

(“oge 2 or 3) 
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When the output fotdng function for the identified operating component is defined as 
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and in working variable form with 
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c) Nondimensional representation of a steady-state sinusoidal response 

Definition Summary 13-3. Representation of steady-state sinusoidal response for linear systems. 

(Page 3 of 3) 
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for pt«clic«I puiposes, it is often convenient to express perfonnanr.. 
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Wlnitlon Summary 13-4. Forms of performance functim for doswib'nfl ihe sinusoidal response of 

linear operating systems. (Page I of 2) 
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Definition Summary 13-4. Forms of performance function for describing the sinusoidal response 

of linear operating systems. (Page 2 of 2) 



frequency. Equation (7) and its associated definitions illustrate the resolution of 

the frequency function into a refer^ frequency function and the corresponding 
frequency function deviation function. 

me. Equation (9) of Definition Summary 13-4 is the usual expression for 
the performance function in terms of the dynamic amplitude ratio and the dynamic 
response ang^. In general, both of these quantities are functions of forcinglre- ~ 
quency. When the dynamic amplitude ratio of Eq. (8) is divided by a reference 

amplitude ratio, the dynamic amplitude ratio - reference amplitude ratio ratio 
form of Eq. (9) appears. 

13.19. The final form of Definition Summary 13-4 is made up by resolving 
the dynamic amplitude ratio — reference amplitude ratio ratio into a dynamic 
amplitude ratio — reference amplitude ratio reference ratio and a dynamic 
amplitude ratio — reference amplitude ratio ratio deviation function. A corre¬ 
sponding breakdown of the dynamic response angle gives a reference dynamic 
response angle and a dynamic response angle deviation. 

SUMMARY OF SINUSOIDAL PERFORMANCE-DESCRIBING FORMS 

13.20. The symbols and definitions of Definition Summary 13-4, supplemented 
by the symbols and definitions of Definition Summary 13-5 are used to form the 
equivalent performance function forms that are tabulated in Definition Summary 
13-6. The performance functions of Definition Summary 13-6 are divided into 
eight groups of three forms each. The eight groups correspond to the typical 
forms of Definition Summary 13-4. The first member of each group particularly 
describes the input-output performance of an identified operating system with the 
scalar factors expressed in terms of the input-output sensitivities defined in 
Definition Summary 13-5. The second member of each group expresses the per¬ 
formance function for the Identified operating system in terms of a reference 
quantity and a dependent quantity that are associated with the actual input and 
output quantities for the component. The third member of each performance func¬ 
tion group gives one or more working variable forms, which are mathematical 
expressions not specifically associated with the physical quantities Involved in the 

performance of any particular operating system. 

13.21. TheperformancefunctlonformsofDeflnltlonSummary 13-6andthedefi- 

nltions of Definition Summaries 13-4 and 13-5 appear in many of the mathematical 
derivations and engineering studies that occur In Volumes H and 01 of this book. 

^OLAR PLANE PLOTS. LINEAR SCALE PLOTS, AND SCALE PLOTS 

tor representing SINUSOIDAL PERFORMANCE CHARACTERISTICS 

13.22. In addition to the complex pUne polar plots of Definition Sumnnary 13-2, 

linear scale and logarithmic scale plots may be used to describe the sinusoidal 
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Fig. 13-1. Representotion of sinusoidal 


response characteristics. (Page 1 of 2) 
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functions and their product resultant. The first relating function is shown as a 
function of a frequency ratio with an arbitrarily selected reference frequency. 
The second relating function is shown as a function of a characteristic time — 


forcing period 


For the Illustrative plots, it is assumed that the reference 


period — characteristic time ratio* is equal to one-half. The locus representing 
the resultant in Fig. 13-2a is shown by a heavy line with the frequency ratio for 
the first component as the independent variable. Typical vectors and symbols 
for each component and the resultant are given in the figure. It is noted in the 
figure that division of one nondimensional relating function by another is equiva¬ 
lent to the product combination described by the diagram using the reciprocal of 
the vector divisor and the negative of the corresponding angle in its associated 
imaginary exponential. 

LINEAR SCALE REPRESENTATION OF FREQUENCY FUNCTION PRODUCTS 

13.27. Figure 13-2b represents two nondimensional relating functions, which 
in this case are identical with the frequency functions of the corresponding per¬ 
formance functions, and their product-type resultant in terms of amplitude ratio 
and phase angle curves plotted in terms of linear coordinate scales. The phase 
angle of the resultant is the algebraic sum of the phase angles of the components, 
and the amplitude ratio of the resultant is the product of the amplitude ratios of 
the components. In forming the resultant, the rule of phase angle combination is 
simple addition that may be carried out graphically on the plot. On the other 

4 

hand, the resultant amplitude ratio must be found by a multiplication of values 
read from the amplitude ratio curves for the components. 

LOGARITHMIC SCALE REPRESENTATION OF FREQUENCY FUNCTION PRODUCTS 

13.28. Figure 13-2c is similar to Fig. 13-2b except that linear scales are 
replaced by logarithmic scales for frequency ratio and amplitude ratio. Because 
the multiplication of two numbers corresponds to the addition of their logarithms, 
the resultant amplitude ratio curve on the plot of Fig. 13-2c may be found by 
graphical addition of the amplitude ratio curves for the component frequency 
functions. This addition may be carried out on the diagram itself without tabula¬ 
tions of numbers. The antilog number scales superimposed on the logarithmic 
scales make it possible to read numerical values of any variable as conveniently 
as if linear scales were used. The ease with which graphical methods may be 
applied to find resultant frequency functions from component frequency functions 
gives the logarithmic scale plot a considerable advantage over other types of 
diagrams for representing functions of this type. 


• Ratios of this type must always be determined wheneyer frequency funedons based on 
frequencies or characterisdc times are to be combined. 


reference 
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Fig. 13-2. Representations for combination of sinusoidal response characteristics. (Page 2 of 2) 
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Fig. 13-3. Operoting frequency ratio range and band width. 


COMBINATION OF SINUSOIDAL PERFORMANCE FUNCTIONS TO DESCRIBE OPERATION 
OF SYSTEMS WITH MULTIPLE INPUTS 


13.33. In practice, operating systems may receive an indefinite number of 
inputs and produce some other indefinite number of outputs. Of the various 
methods available for writing performance functions to specify the action of a 
system with multiple inputs and outputs, one of the most effective schemes is to 
use a summation of sinusoidal performance-describing forms. The general 
foofiiros nf fhia nrnnprliirp arp nutlined in Definition Summarv 13-7. One of the 
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several system outputs is designated as the output and used for illustrative 
purposes. It is understood that any number of outputs may be taken into account 
by repeating the steps applied for describing the relationships between the 
output and its associated inputs. 

13.34. Equation (2) of Definition Summary 13-7 shows the output expressed 
as a summation of performance functions, each of which depends upon an input 
function product of the type described in section b) of Definition Summary 13-1. 

The typical performance function and its associated input function product are 
designated by (i) subscripts. For the form of Eq. (2) of Definition Summary 13-7 
to properly represent the output, the summation must be taken over all the 
necessary integer values of (i). Equation (3) of Definition Summary 13-7 is a 
form equivalent to Eq. (2) with the typical performance function of the summation 
written as the product of a reference sensitivity and a frequency function to indi¬ 
cate that the output is expressed in terms of the sinusoidal performance 
characteristics of the operating system considered. 

13.35. For practical engineering applications, it is useful to select one in¬ 


put function product as the reference input function product and to take the cor¬ 
responding reference sensitivity and frequency function outside the summation 
of sinusoidal performance-describing terms. The result of this procedure is 
shown in Eq. (4) of Definition Summary 13-7 and its associated definitions. The 
reference Sensitivity for the reference input function product and the associated 
frequency function, which becomes the reference frequency function, appears 
outside a bracket. The first term of this bracket is the reference input function 
product itself, and the second term is a summation of terms each formed as the 
product of a sensitivity ratio, a frequency function ratio function, and the cor- 


responding input function product. By definition, the k_ input function product 

reference input function product sensitivity ratio is the ratio of the k input func¬ 


tion product reference sensitivity to the reference input function product refer- 
ence sensitivity. The k^^ input function product - reference input function prod- 
uct reference frequency function ratio function is the ratio of the k input func¬ 
tion product frequency function to the reference input function product reference 


frequency function. Section a) of Definition Summary 13-7 shows the essential 


relationships among the concepts described above and gives the corresponding 


symbols. Section b) of Definition Summary 13-7 brings together various forms 


of the performance function associated with the output from an identified 


operating system. 

13.36. It is important to notice that, in forming sensitivity ratios and fre¬ 
quency function ratio functions, the reference input function product aK>ears in 
the compared quantity subscript position and the identified input function product 
appears in the reference quantity subscript position. This means that the 
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essential nhvsi cai meaning is stress pd tho .:;:;;:;n;;;;r' r 

gg^j^ncuon product ea»lv..,n. . p a unit o, 

thTTr- - effe cts are concerned. For the same reasons 

^_J_erence input function nro duct is placed in the compared q uantity 

——identifie d input function product is given thp rofo^pnpp '—n;~ 

.or the ,.eouencf 
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INDEX 


A 

Actual instrument, airspeed meter, 52 
definition of, 26, 52 
pressure gage, 26 
Actuating input, 24, 124 
Airspeed meter, 49-58 
actual and ideal, 52 
functional and schematic diagrams, 51 
performance, 52-53 
performance ratio, 52, 55 
sensitivity, 50, 54 
sensitivity ratio, 54, 56, 58 
Amplitude, 184 

Amplitude ratio, 192, 196, 203 
dynamic, 239-248 
Analysis, dimensional, 87-105 
Analyzer, Henrici-Coradi, 198, 203 
Angular frequency, 182 
Angular momentum, 81 
Angular velocity, 74, 111 

Angular velocity indicator (see Gyroscopic single¬ 
axis angular velocity indicator) 

Autocorrelation, 175 

Automatic pilot, 2 

Average, 116, 144, 148, 153 

Average deviation, 144, 148 

B 

Balancing scale ( see .Force-measuring systems) 

Bandwidth, 256 
Barnes, J. L., 240, 248 
Buckingham, E., 91 
Byerley, W. E., 194 

C 

Cauchy's criterion, 165 
Change, of a forcing function, 62 
in a quantity, 114 


Characteristic time, 253 
Churchill, R. V., 194 
Closed-chain operating systems, 13-21 
automatic balancing scale as example of, 20 
functional diagram, 19 
with multiple-branch feedback, 21 
with single-branch feedback, 19 
Command quantity, 19 
Comparison, of physical quantities, 106-123 
Comparison levels, 106, 114 
Comparison points, 106 

Complex numbers, conjugate of an imaginary ex¬ 
ponential, 186 

Complex plane plots, 186, 252 
polar, 235, 240, 247, 250 
Confidence figure, 153 
Constants, dimensional, 91 
Continuous frequency distributions, 208-213 
Fourier integrals of, 216 
Coriolis law, 113 
Corrections, dynamic, 59 
feedback, 35 
notation for, 119-120 
Correlation, 168-176 
autocorrelation, 175 
by correlation coefficient, 172 
by regression line, 168 
Current, electrical, 43 
Cylinder pressure, 120 

Fourier series representation of, 203, 205-208 

D 

Damping ratio, 104 
Decibel, 56, 252 

Dependent quantities, 140-142, 234 
Dependent variables, 88 
Deviations, average, 144 
probable, 146 
ratios of, 145, 146 
standard, 144, 153-154 
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4 


i>*agrams. conventions 6 
tnforraation-now, 4-6 

line schematic. 27-28, 51 . 71. 79. 84 

line schematic-functional, 28 , 72 

mathematical, 29 
performance, 84-85 

11 , , 2 , ^ 
pictorial-functional, 28 
pictorial-schematic. 23-24, 78 

symbol, 30 
^ypes of, 22-30 

uses of, 28 

between vector quanUties, log-no 
Dimensional analysis, 87-105 

Dimensional constants, 9 l 

Dimensionless quantities, 92 
Dimensionless ratio, 54 177 
Dimensions, of a quantity. 90 

Dirac, P. A. M., 216 

Dynamic error, 59 

Dynamic operating coixlitlons. 41, 59 

(See also Phase angle) 

^mic response angle, 236, 239, 244. 247 
Dynamic response delav so.si 


Fletcher, Harvey, 219, 223 

Force-measuring systems, ll-ig 

balancing scale, 14 
automatic, 17 
manually adjusted, 15 

spring-and-index, 11 

with scale, 12 

Force summing member, 96 
Forcing frequency, 235, 239 
Forcing frequency ratio, 237, 239 
Forcing functions, 59-63 
change in, 62 

dynamic response delay, 60 
input and output, 59 
sinusoidal, 231, 239-244 

steady-state conditions, 63 

Fourier integral, 177, 209-213 
Fourier series. 177. 191-208. 220, 223 
amplitude, 198, 203-213 

continuous frequency distributions, 208-210 

cosine - phase angle form, 193, 197 
in the frequency domain, 208 

imaginary exponential form, 192, 194-196 
nondimenslonal, 195 

isosceles triangle wave, 202-203 

phase angle, 198, 203-213 

plane sound wave, power flow o^ 223 

rectangular wave, 199-201 


E 

Sngine indicator, 95-105 
spplicaUon of Pi (77) Theorem to, 102 

dimensionless raUo variables, 105 
functional diagram, 96 

notation for, 96 

pictorial cUagram^ 95 
step function response, 102 
Error, correction of, 110-121 
dynamic, 59 

of a quanUty, 117-119 
transient, 63 

Exponential series, 180-191 
Exponentials, 180-191 
imaginary, 182-191 

In relation to trigonometric functions, 182-183 



Feedback, 13-14, 19-21, 33-38 
correction signal, 35 


saw tooth wave, 203-204, 206 
slne-and-coslne form, 193, 197 
sine - phase angle form, 193 , 197 
square wave, 199-200 
In the time domain, 208 
Fourier transform, 176, 209-213 
direct and inverse, 213 
Franklin, Philip, 42 , 180 

Frequency band, power spectral density o^ 218 
Frequency deviation ratio, 252, 258 
Frequency distributions, 208-213 
Frequency domain, Fourier series in, 208 
Frequency funcUons, 148-150, 244, 248-253 
normal probability, 148-150 
product combinations of, 252 
Frequency range, 218, 256 
Frequency ratio, 237, 239 
Frequency spectrum, 206, 218 
band and line, 208 

-217 

isosceles triangle wave, 202-203 
orthogonal, 195 


M, 96, i: 

Functions, impulse, J 



Functtons (cont.) 

parabolic, ramp, and step, 178-180 
pulse, 214-215 

rectangular wave, 199-201, 203 
for representation of physical quantities, 177 

by exponential series, 180-189 
by Fourier Integrals, 209-214, 217-218 
by Fourier series, 191-208, 220, 223 
by Fourier transformations, 209-214 
by power series, 178-180 
by pulse.functions, 214-217 
by sinusoidal functions, 188-191 
( See also Frequency functions) 
saw tooth wave, 203-204 , 206 
square wave, 199-200 
step, 64, 65, 178-180 

G 

Gages, 2 

( See also Pressure gage) 

Gain, 42 

( See also Sensitivity) 

Gardner, M. F., 240, 248 

Generator, 25 
Gimbal, gyro, 70-73, 83 
performance diagram, 84 
Glauert, Hermann, 50 

Gradient, 42 
( See also Sensitivity) 

Grouped data, 161 
Gyroscopic element, 78-86 
angular momentum, 81 
derivation summary, 80, 81 
functional diagram, 79 
gimbal, 70-73, 83-84 
line schematic diagram, 79 
output torque, 82 

performance characteristics, 79-82 
performance diagram, 84-85 
performance equation, scalar, 82-85 
vector, 80, 82 

performance operator, 80, 82 

Gyroscopic rate-of-turn indicator, 69-74 

(See also Gyroscopic single-axis angular velocity 
Indl^tor) 

Gyroscopic single-axis angular velocity indicator, 
70-86 

functional diagram, 73 

line schematic diagram, 71 

line schematic-functional diagram, 72 

pictorial diagram, 70 

torque summing member, 73 

(See also Gimbal, gyro) 


H 

Henrlci-Coradl analyzer, 198, 203 
Hilton, W. F., 49 
Histogram, 161 

Hunting stability, and instability, 65 


I 

Ideal instrument, airspeed meter, 52 
definition of, 25, 52 
pressure gage, 25 
Imaginary exponentials, 182-189 
addition of, 186 
complex conjugate of, 186 
complex plane representation of, 186 
multiplication and division of, 187 
orthogonality with trigonometric functions, 194- 

196 

with time-varying exponents, 188-189 
Impulse functions, 177, 214-217 
Inaccuracy, 116-117 
Independent variables, 26, 88 
Indicated airspeed, 51 
Indicated readings on instruments, 25 
Indications, given by an instrument, 27 
Indication time, 67 

Indicator, steam engine ( see Engine indicator) 
Information flow diagram, 4-6 
Initial level of a forcing function, 60 
Input axis, 72 

Input function products, 130-132, 234 , 258-259 
reference, 132 

Input-output performance function ( see Perform¬ 
ance functions) 

Input-output sensitivity (see Sensitivity) 

Inputs, 11, 33 
actuating, 24, 35, 124, 140 
angular velocity, 74 
interfering, 24-26, 124 
mulUple, 21, 234 -237, 257 
notation, 126-127 
reference, 132 
scalar, 32 
vector, 31 

Instability (see Stability) 

Instrument Engineering, 1, 3 
method of, 7 
scope of, 3 

Interference, level region of operation, 44 

Isosceles triangle wave, Fourier series represen¬ 
tation of, 202-203 
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Laplace transform, 248 
Least square criterion, 168 
Lee, Yuk-Wing, 218, 230 
Levels of quantities, 113-123 
averages of, lie 
compared, 114 
comparison, II 4 
correct, 116 


differences between, 113-120 
reference, 115 
variations with time, 118 

Limits, hunting zone, 65 
operating, 44 
tolerance, 122 


i. ne schematic diagrams, 27, 28,51, 71 79 W 
ne schematic-functional diagram, 28 72 ’ 

Linear scale plots, 46, 247-248, 250, 253 
i/ocation vector, 106 

Logarithmic coordinates, 56 

I^rlltolc «,le plcte.’ 54, 55 5,, 

Logarithmic ratio unit (lorn), 56, 252 


M 

Mathematical diagram, 29 
Measuring Instrument, 2 , 27 

Measuringsystems (see Force-measuring systems) 



Names of operating components, 11 . 18 , 26 
Negative smoothing, 67 

Newton-s law for attraction between bodies, 91 
Nondimensional Fourier series. 195-196 

Nondimensional functions, 234 , 239 , 248 
Nondimensionalization, 91-94 
Nonoperating region, 44 
Normal probability functions, 148-150 

Notation (names and symbols) 14 to ao 

106-115. 124-14/. M4.i4r259:26b 
for closed-chain systems, 33-35 
for operating components, U, is, 26 
for orientation of a body, 74 

performance-describing, 39, 124-142 
self-defining, 108 
simplification of, 139 


for vectors, 107 
working symbols, 88 , 95 , 109 



Octave, 56, 252 

Open-chain system, 12 
functional diagram, 13 
performance operator, 32 
Operating component, 8, 11 
characteristics of, 239 
notation, 11 , 14 
simplification of 139 

steady-state and transient, 63 , 231 
Operating frequency range, 256’ 
Operating level, 44 

Operating level ratio, 44 , 47 , 120 
Operating region, 44, 47 , 256 

Operating system, 7 - 21 , 63 

closed-chain, 13 
feedback, 13 
functions of, 24-25 

inputs and outputs, 7 , 257 
linear, 240 


multiple input. 257-259 

open-chain, 12 


operating components of, 8 
performance description, 97 


Adiuuies of curves 


sinusoidal, 240-244 

response characteristics, sinusoidal, 231-260 

Operating zone (see Operating region) 
Orientation, of a body, 73-74 
reference, 25 


Orthogonal functions, 195 
Output axis, 72 


Output generating system, 19 35 
Outputs, 7, 11 , 35, 127, 231 

forcing function, 59, 240 
notation, 126-127 


nondimensional ratios of, 244 

scalar, 32 
vector, 31 
Overloading, 44 


P 

Parabolic functions, 178-180 
Perfect instrument, definition of, 25 
Performance characteristics, 8 , 23 
Syroscoplc element, 79 
sinusoidal, 231-260 
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Performance-describing concepts, 8 , 97 
complete, 39 
notation, 244-249 
for operating systems, 97 
parameters. 99 
sinusoidal, 231-260 
( See also Performance operator) 

Performance equations, 9, 69- 86 , 87 - 88 , 95 
airspeed meter, 52-53 
derivation of, 69-86 
dimensions in, 87-88 
engine indicator, 95-105 
generalized, 85-88, 231-233 
gyroscopic element, 83-85 
scalar, 82-85 
solution of, 231 
vector, 80, 82 
working form of, 88 

Performance functions, 33-38, 130-142, 231-234 
closed-chain, 36-38 
multiple-input, 232-234 
notation, 33-38, 130-142 
simplification of, 138-142 
open-chain, 36-37 
reference, 132 

sensitivity components, 134-135 
single-input, 231-233 
time response components, 134-135 
Performance function ratio function, 132-134 
Performance locus, 239, 252 
Performance operator, 9, 31, 127-130 
closed-chain, 32, 36-38 
functional diagram, 31, 32 
gyroscopic element, 80 
notation, 127-130 
open-chain, 32 
scalar, 32, 129 
vector, 31, 80, 128 
Performance ratio, 45-48, 54, 57 
deviation of, 46, 58 
derivation of, 46 
logarithmic plots, 48, 54, 56, 57 
variable reference sensitivity, 49, 54 
Phase angle, 189-191, 248 
Pl{i7) Theorem, 91-94 
use of 94, 102-105 

Pictorial diagram, 11, 12, 14, 17, 23, 26, 70, 95 

Pictorial-functional diagram, 26 
Pictorial schematic diagram, 23-24, 78 
Pitot-static airspeed meter ( see Airspeed meter) 
Plane sound wave (see Wave, plane sound) 

Points, comparison, located and reference, 106 


Polar plots, 208, 235, 240, 247, 250 
Position of a point within a body, 73 
Power density, 218, 230 
Power spectral density, 176, 218, 230 
of a plane sound wave, 227, 229-230 
Power series, 177, 178-180 
parabolic, ramp, and step functions, 178-179 
Pressure, in a cylinder, 108 
Pressure gage, 22-30 
actual, 26 
components of, 22 
cutaway view of, 23 
ideal, 25 
notation, 26 
perfect, 25 

pictorial functional diagram, 26 
pictorial schematic diagram, 24 
( See also Airspeed meter) 

Primary quantity, 90 
Probability, 145-146 
Pulse functions, 214-215 
impulse functions, 214-217 



Quantities, corrections for, 119 
dependent, 140-142, 234 
error of, 117, 121 

as functions of a running variable, 177-230 


input, 11 
output, 12 

reference, 135, 140-142 
physical, 89 
comparison of, 106-123 
levels of, 106-123 
measurement of, 89 
primary and secondary, 90 
rules of combination of, 90 
smoothing of, 118 
transformation of, 140 
uncertainty of, 117 

. Aj -_ 




R 

Ramp functions, 178-179 
Range, operating frequency, 218, 256 
Ratios, dimensionless, 54, 177 
forcing frequency, 237, 239 
frequency function, 252, 258 
input-output ( see Sensitivity) 
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Ratios (cont.) 
performance, 45-48, 54 57 

“■ “• «».»» 

reference period, 211-213 

Ratio functions, 132 

relating functions, 234 

of time response ratio. 136 
Receiver, 25 

Reference interval, time, loi 
Reference levels, 107 , 115 
Reference orientation, 25 

Reference period, ratio of time to, 211-213 
Reference points, 106 

Reference quantities, 132. 140-142 234 
Regression line. 168 
Regulator, 2 

Relating function. 234 
nondimensional, 234 
Relating function ratio function, 234 
Response of an operatine svctcm 

Sinusoidal, 231-260 

Response angle, dynamic, 236, 239, 244 247 
Response delay, dynamic, 59-61 
Response time, of a system, 67, 68 
Roughness, 66, 118 , 177 
Running variables, 99 


s 


Saturation, 44 


203-20^766*^°“*^*®*^ '■^Presentation of, 
Scale factor, 42 
(See a^ Sensitivity) 

Scale readings given by an instrument, 27 
oelf-defining notation, 109 

Sensitivity, 39-43. 50-54, 134, 135 
definition summary of, 135 
notation, 41-43 

ratio of, 54, 56, 58, 136, 137, 258, 259 
reference, 135 

variable, 49 

static, 39 

Servomechanisms, 14 

Signal, 17, 33 

Sinusoidal forcing functions, 67 , 231 
Sinusoidal functions, with different frequencies. 191 

With same frequencies, 189-190 

Sinusoidal response characteristics, 231-260 
Smoothing, 66 . 67, 118 


Solution time. 68 

So- 

, »ave. plane (see Wa„, 

Spectrum, band, 208 

line, 208 

power, as a function of frequency, 218 

Spin axis, 72 

Spin reference axis, 72 

repeeeeniata 0 ,, 

SUbility and Instability, hunting, 65 
transient, 63-65 

Static operating conditions, 39-41 
Static performance, 44-58 

Steati^ performance equations, 231 

y-state operating conditions, 63, 231 

steam engine indicator (see Engine Indicator) 

Step function, 64 - 65 , 100 , 178-180 

forcing function, 65 

Subscripts, rule, for inputs and outputs, 126-127 
tor multiple input systems, 259-260 
for vectors, no 

Sum, cumulative, 164 
ratio of, to total, 164 


Symbols (see Notation) 


T 


Time, characteristic, 253 

impulse functions of, 214-217 
indication, 67 

pulse functions of, 214-215 

ratio of reference period to. 211-213 
response, 66-67 
solution, 68 

Time domain, Fourier series in, 208 

Time response function ratio functions, 136-137 
Time response functions. 134-135 
Time response reference functions. 135 
Time series, stationary, 175 
Tolerances, 120-123 
limits, 47^ 122 
reference, 122 

Torque, gyroscopic element, 82 

Torque summing member, 73, 83 

performance equation diagram, 84 
Transducer, 25 
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I 


Transformation ratios, 140-142 
Transient error, 63 
Transient operating conditions, 63, 231 
Transient solution of performance equations, 231 
Transient stability and instability, 63-65 


U 

Uncertainty, statistical analysis of, 143-176 
Unit time pulse function, 215 
Unit, vector, 76 



Vector analysis, 74-78 
Vectors, 75 
input, 31 
location, 106 
notation, 107 
output, 31 


Vectors (cont.) 
performance operator, 31 
Subscript combination rule, 110 
Voltage, 42 



Waves, Isosceles triangle, 202-203 
plane sound, 218-230 
Fourier series for, 223 
frequency power distribution, 224-229 
power flow, 219-222 
power spectral density, 227, 229-230 
sound intensity, 220-223 
sound intensity density, 227, 229-230 
rectangular, 199-201, 203 
saw tooth, 203-204, 206 
square, 199-200 
Wiener, Norbert, 2, 218, 230 
Wylie, C. R., 194 
Working symbols, 109 
Working variables, 88, 95 







fllLdHP IQBAL LIBfiPRy 



fi 22743 







l?-Ssx 


269 










THE JAMMU ft KASHMIR UNIVERSITY 

LIBRARY. 

DATE LOANED 

Claw No._Book No._ 

Vol.-Copy__ 

Accession No. 



No. 


